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Abstract. A new analytic method for calculating finite-size corrections and central
charges is applied to the 6- and 19-vertex models with twisted boundary conditions.
Non-linear integral equations are derived from which the central charge ¢ can be
extracted in terms of Rogers dilogarithms. For periodic boundaries, we obtain
¢ =1 and ¢ = 3/2 for the 6- and 19-vertex models respectively. For their related

spin-S X X Z chains, with § = %, 1 and twisted boundary conditions, we obtain

2
c= S?’—fl [1 — % where ¢ is the twist and v is the crossing parameter or chain
anisotropy.



1. Introduction

The critical behaviour of many two-dimensional statistical systems is described by
unitary conformal field theories and classified by the central charge of the Virasoro
algebra of conformal transformations [1,2]. The central charge and scaling dimensions
can be extracted from the finite-size behaviour of the eigenvalue spectrum of the
transfer matrix of the statistical system or its related (1+1)-dimensional quantum
spin chain [3-6].

These developments have led to a rapid growth of interest in calculating finite-size
corrections in exactly solvable models. For models solvable via the Bethe Ansatz, de
Vega and Woynarovich [7] have given a procedure for deriving finite-size corrections
using root densities. Their method has been succesfully applied to a number of models.
Chief among these is the 6-vertex model [8] and the related (1+1)-dimensional spin-3
X X Z chain [9] due to their central role [10-12] in the family of exactly solved models.
Notwithstanding, the finite-size corrections to the eigenspectrum of the more general
(25 +1)-state vertex models and related spin-S X X Z chains (see, eg [13-17]) have not
been calculated exactly for S > 1 by these methods. This is the case for these models

despite the fact that the central charge in the antiferromagnetic region is known to be

35 1,3, (1.1)
for values of the crossing parameter or chain anisotropy v in the range 0 < v < 55.
This result has been obtained indirectly [4,18] from the low-temperature asymptotics
of the specific free energy [15-17] and is supported by direct numerical solutions of the
Bethe Ansatz equations for small values of S [19-20].

At the heart of the difficulties in the higher-spin models is the nature of the complex
roots of the Bethe Ansatz equations which admit a sea of 2S5-strings to describe the
ground state. Although some progress has been made in calculating the asymptotic
finite-size deviation to the imaginary part of the roots [21] for such groundstates, the
analytic calculation of the leading finite-size corrections and the central charge remains
open.

Recently a new method for the analytic calculation of finite-size corrections, central
charges and scaling dimensions of exactly solvable lattice models has been introduced

[22]. This method uses integral equations, avoids the use of root densities and promises
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much wider applicability. In this paper we bring to fruition such an approach, as
initiated in [23], to calculate the central charges of the 6- and 19-vertex models and
their related spin chains.

The results for the quantum spin chains are obtained as a special limiting case
of the results for the corresponding vertex model. Specifically, the energy-momentum
spectrum of a quantum spin chain is given in terms of the eigenvalues of the transfer

matrix T'(v) of the related two-dimensional lattice model by the Hamiltonian limit
H = const.(InT)' (vg), P =i(InT)(vog) (1.2)

where v is a value of the spectral parameter at which the transfer matrix reduces to
the shift operator. The advantage of working with the more general lattice models
is that complex analysis can be used since then the eigenvalues A(v) of T'(v) depend
analytically on the spectral variable v.

The layout of the paper is as follows. We begin with the treatment of the 6-vertex
model in section 2. The method is then extended to the 19-vertex model in section 3.

Some concluding remarks are given in section 4.

2. Central charge of the 6-vertex model

In this section we calculate the central charge of the 6-vertex model and the related
spin-1/2 X X Z chain with twisted boundary conditions. We first define the critical
6-vertex model and present the Bethe Ansatz eigenvalue equations focussing on the
largest eigenvalue. Using Cauchy’s theorem we recast the eigenvalue equation in the
form of a non-linear integral equation which is exact for all finite system sizes N.
This equation may be regarded as a partial solution of the problem since the bulk
behaviour of the eigenvalue A can be read off directly. Although we have not been
able to solve this non-linear integral equation analytically it is straightforward to solve
it numerically. Fortunately, the 1/N corrections can be obtained without explicitly

solving the non-linear integral equation.

2.1. The 6-vertex model

The 6-vertex model is defined on a square lattice. Each bond or edge of the lattice

carries an arrow or spin variable which takes the values +1/2. The Boltzmann weight
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of a vertex, with spins «, 3,7, 6 on the lower, upper, left and right bonds respectively,
is given by the R-matrix RS g(u) The only nonzero weights are
1/2 1/2 .
R1§2 1§2(u) = sinh(A — u)

RYZ, V(u) = sinh A (2.1)

and those related to these by the symmetries

RY 8 (u) = RZD ~0 (u) = RS 2(u) = R ] (u) (2.2)

a vy —a —y

and the crossing symmetry

RE % (u) = R? ~4(A —u). (2.3)

oy

There are thus precisely six allowed vertices. The argument u is called the spectral
parameter and A is the crossing parameter.

The 6-vertex model possesses a U(1) symmetry, i.e. an invariance under rotations
in spin space around the z axis acting on the horizontal spins. Therefore it is possible
to study modified boundary conditions preserving exact integrability. We introduce a
seam on the horizontal bonds linking column N to the column 1. With each of these
bonds we associate a local operator exp(2i$S*) = Diag(e'?, e~?) changing the vertex

weights in column N to
e*0? R ‘;(u) (2.4)

In the following we will refer to ¢ as the twist angle.

2.2. Bethe Ansatz equations

We recall that each eigenvalue A(v) of the transfer matrix of the 6-vertex model

satisfies the functional equation [24]
A(w)q(v) = w®(v —iv/2)q(v + i) + w1 (v +iv/2)q(v — i) (2.1)
where ®(v) and ¢(v) are defined by
®(v) := (sinh )", q(v) := ﬁ sinh(v — v;) (2.2)
j=1
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and
w = e'? (2.3)

is an additional phase factor due to the twist. It corresponds to twisted boundary
conditions in the related spin-3 XXZ chain [25]. The unknown function g(v) is
the eigenvalue of an auxiliary family of transfer matrices commuting with T'(v). It is
determined by its zeros v; in the complex v plane. The crossing parameter v is related
to the anisotropy of the interaction in the chain. The model is critical for v € [0, 7).
Once the Bethe Ansatz numbers v;, i.e. the zeros of the function ¢(v), are known
the eigenvalue A can readily be obtained from (2.1). The numbers v; have to satisfy

a set of coupled non-linear equations, the so-called Bethe Ansatz equations,
pv;)=-1, j=1,..m (2.4)

where the function p(v) is defined by

o ®(v —i7v/2)q(v +iv)
(v +iv/2)q(v —iv)

p(v) := (2.5)

For the largest eigenvalue, these zeros are distributed along the real axis.

2.3. Non-linear integral equation

The derivation of bulk properties is usually achieved by introducing a density
function p for the distribution of v; on the real axis. From (2.4) a linear integral
equation for p is then derived which can be solved by Fourier transforms. It is not
easy to take into account finite-size corrections within this approach. Here we instead
capitalize on the fact that (2.4) renders A(v) to be analytic.

We will consider systems where the finite size N is even and restrict ourselves to
the study of the ‘ground state’ which admits m = N/2 real Bethe Ansatz numbers.

As an immediate consequence we note the following symmetry properties

(v) = q(9)
p(v) = 1/p(v) (2.6)

=Y

where the bar denotes complex conjugation. Next we give some analyticity domains

of the functions ®(v), ¢(v), A(v), i.e. the strips in the complex plane where these
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functions are analytic and non-zero (ANZ)

®(v) ANZin 0<Im(v) <
q(v) ANZin —7m <Im(v) <0
A(v) ANZin —v/2 <Im(v) < v/2. (2.7)

We remark that the analyticity domains are by no means unique since all functions
are mi-periodic. For A(v) the analyticity strip follows [26] from the bulk behaviour
and a corollary of Cauchy’s theorem. We will take this procedure as a reliable guide
for identifying analyticity domains throughout the paper. We therefore know that,
although the domain of analyticity can depend on +, the (maximal) analyticity strip
of A(v) is an open set containing the strip given in (2.7) and this is sufficient for our
purposes. The analysis we present is applicable, in principle, to the whole regime
0 < v < w. For the sake of a simple presentation, howevr, we restrict ourselves to
0 < v < 27/3. A simple but tedious modification also covers the regime 27 /3 < v < 7.

The purpose of this subsection is to derive an integral equation for the functions
a(x) and 2A(z) defined by

a(z) = 1/plx — iv/2) = {tanh g—ﬂ ) a(z)

A(z) =1+ a(x). (2.8)

These functions are central to our subsequent analysis. We have anticipated the bulk
behaviour of a(z) and introduced a function a(x) to account for corrections. This will
simplify some calculations, but it is not essential. The variable x may be regarded as
real. However, sometimes it is more convenient to work with values of x in the upper
half plane close to the real axis. This convention will avoid singularities which might
otherwise occur.

We will often perform the Fourier transform Fi{f} of a complex function f(v)
which is analytic in a certain strip and decays sufficiently fast. We define the Fourier

transform pair
Flf) = o [ £ ray
f(v) = / Fil fYeidk (2.9)
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where the integration path of the first integral has to lie in the analyticity strip and
the real part of the variable of integration has to vary from —oo to co. By Cauchy’s
theorem all other details of the path are irrelevant for Fj{f}.

We first apply the Fourier transform to the definition of a(z),

o [ ] 2 alw—i3y/2)
alz) = { th 27} O(x +im —iy) q(z +iv/2 —im) (2.10)

where we have used the mi-periodicity to reduce all arguments of the functions ®(v)
and ¢(v) to the analyticity strips (2.7). This works for v < 27/3. We observe that the
asymptotic behaviour af these functions is given by exponentials so that the second
logarithmic derivatives can be Fourier transformed. After a few manipulations this
yields

1

Filma]” = NFy [Incoth 32|+ (1 e0=") 7 @]

+ (e — e HF) Fi [ing)". (2.11)

We next define an auxiliary function h(v),

h(v) = 1;(7%”) (2.12)
which enjoys a non-trivial ANZ property,
h(v) ANZ in —v/2 <Im(v) <~v/2. (2.13)
This property follows from (2.7) and the relationship with A(v),
h(v) =w Av) (2.14)

(v +iy/2)q(v — i)
To proceed, we calculate the Fourier transform of the second logarithmic derivative
of h in two different ways. We choose integration paths with imaginary parts 4-/2

and two different representations such that the arguments of ¢ lie in the analyticity

strip (2.7),

) = [CO E ) Ql(x)
h(z —iv/2) = { th 271 q(z — iv/2)a(z)

Mz +iv/2) = q(x +ivy/2 —im)

(2.15)
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From these two equations we derive two formulae for Fy, [Inh]”,

1
/2 Fi[Inh])” = NF, [ln coth %] — 2 F Ing)” + Fi, In2A]" — Fy Ina]”
e VM Fy Imh]" = Fi A" — "R [Ing)” (2.16)

which can be equated yielding

1
"
Fi [ln CJ] - e(m+v/2)k _ ov/2k x

7 .
[}“k nal” — NF, [m coth g—f;] + e 7 In?A)" = F InA)” | (2.17)

Note that this is a non-trivial identity in contrast with (2.11) which is simply a result
of the definition of a(x). The essential ingredient of (2.17) is the ANZ property of
A(v) which is equivalent to the set of Bethe Ansatz equations. Equations (2.11) and
(2.17) can be solved for Fy, [Ina]” and F [Ing]” in terms of Fy, InA]"” and Fy [In A|

giving

1
I

Sinh(ﬂ—'y)k: " — 1

Fi [Ina)” = 2 Fo Al — =9k E [In2A 918

s ol 2coshgksinh%k[ b2 —e i [In ]] (2.18)
Nke 2k

4 sinh §k cosh %k

T+
e~z k

4 cosh %k sinh 7T—;“Yk:

Fi: [In q]" =

[ev’ffk )" — 7 [In 9(]”} . (2.19)

Here we have used (A1.2) to evaluate the Fourier transforms of the hyperbolic functions
and have introduced an infinitesimally small ¢ > 0 which can be regarded as the
imaginary part of the argument of x. It effectively does not change the right hand
side of (2.18) and renders the prefactor of Fj, [In ] " integrable.

We now apply the inverse Fourier transform to (2.18) where the product on the

right hand side turns into a convolution of the transforms of the individual factors,

ma(z)]” = / " [F@) ) (@ —y) — Fly +ie— i) W] (@ —9)] dy (2:20)

— 00

where the function

1 [ inh (2 —~)k ,
F(z) := _/ i (2_ 7)_ etk (2.21)
21 J_oo 2cosh 3k sinh 51k
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satisfies the relations
F(z) = F(—2), F(—z) = F(2). (2.22)
We integrate (2.20) twice to obtain

Ina(z) = /OO [F(y)InA(z —y) — F(y +ic — iy) nA(z — y)| dy + C + Dz. (2.23)

— 00

The integration constants are determined by looking at the asymptotic behaviour for

T — 00,
Ina(co) = </ F(y)dy> In2A(c0) — (/ F(y + ie — iy)dy) InA(cc) + C + Daz.
o - (2.24)
Now a(x) has the same asymptotic behaviour as a(z),
1 2
a(to0) = w2, A(oo) = :;’ (2.25)
from which we derive '
c—_T%  p_y (2.26)
=7

Recalling (2.8), we then obtain the following integral equation for a(zx),

Ina(z) = N Intanh ?
~

+ /_OO [F(y)InA(z —y) — F(y +ic — iy) mA(z — y)] dy — Wﬂjqiy (2.27)

which is non-linear because of the condition 2 = 1 + a. This equation is exact for all

finite system sizes .

2.4. Finite-size corrections to the largest eigenvalue

Once the solution of (2.27) is known the eigenvalue A can be calculated from

q(x +iv/2 —im)
q(z —iv/2)

The contribution given by the quotient of the g-functions is evaluated by taking the

Az —iv/2) = wdP(z — i) A(x). (2.28)

Fourier transform and then inserting (2.19),

. . 1
fk ln Q(a;(—.;i)//zi/;)lﬂ-)} — (e(ﬂ'—’y/Q)k _ e’y/2k}) fk [ln q]//

b Theonh T or s - ey
2sinh Zkcosh 2k e% 41 ek 41

= Nk Frn2A)".  (2.29)
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The infinitesimally small ¢ > 0 was introduced for the same reason as in (2.18).

Applying the inverse transform, using (A1.2) and finally integrating we then obtain

2 — hZX ’Yk:

dEt02=im) / Sin ok gk
q(x —iv/2) 2k sinh Tk cosh 2k

i [ InWA(z—vy) d i [ In2A(x—y)

— _— —d Dx (2.
27 J oo sinh 2 (y —26) Y 2v ) . sinhZ Sy +i )y—i—C'—i— z (2:30)

where C' and D are constants of integration. Again from the asymptotic behaviour,

— — 1 1., —
7 . Ti=NZ 2”¢—§1nm(oo>+§1nm(oo)+c+px (2.31)

N

with the constants quite easily determined as
C =—-lhw, D =0. (2.32)

Inserting (2.30) and (2.32) into (2.28) then gives

© sinh X Vk'smxk
InA(z —iv/2) = In®(x — iy) — Ni
nA(x —iv/2) n®(z —iv) Z/_OO 2ksmh2kCOSh;k
Z’/OO RelnA(y) d

+ - — :
Y J oo sinh Z(z — y + ie)

(2.33)

where the bulk behaviour is entirely contained in the first line and the finite-size
corrections are given in terms of the 21 function alone. Again this equation is exact

for all finite system sizes N.

2.5. Analytic calculation of 1/N corrections

To handle the asymptotic behaviour of A(v) in the thermodynamic limit we observe
the following scaling behaviour

N
lim [tanh 21 <:|:%(3: +In N))} =exp (—2e77). (2.34)

—00 ’)/
Numerically a(z) is found to scale similarly. We therefore define appropriate limiting
functions in the positive and negative scaling regimes and introduce a shorthand
notation for their logarithms,

ar(x):= lim a (j:%(x +1In N)) ; lay(x) :=Inay(z) (2.35)

N —o0
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Ay(z):= lim m(il(xﬂnzv)) —14ac(z), [Ag(z):=InAr(z). (2.36)

N—oo T

In the scaling regimes the integral equation (2.27) simplifies to

lay(z) = =20 + [y % 1Ay — Fy x [Ay — mie (2.37)
™=
where I and F5 are defined by
—Tp(X
Fi(y) :== 7rF (W?J)
Fy(y) = LF (13/ +i(e— 7)) (2.38)
T \T
and f * g denotes the convolution of two functions f and g
(Fr9)@) = [ o= p)owd. (239

It will be useful to treat the functions lat and their complex conjugates lay on an

equal footing. Hence we obtain from (2.37) the following integral equation

(l_ai>:—<1)2e—m+<ﬂ_ fQ)*<%i>+<_l> mig (2.40)
lai 1 _F2 F1 lAj: 1 ™=

where the kernel
P —F
K = (2.41)

- R

satisfies an important symmetry property,
K™(y—a) = K(z —y) (2.42)

which will turn out to be crucial in further manipulations of (2.40).
Let us now consider the leading finite-size corrections to the eigenvalue A(v).
First splitting the integral in (2.33) into two parts, then substituting the variable

of integration y by Z(y+1In N) and finally introducing the scaling functions, we derive

i /°° Reln2(y) d

v ) oo sinh%(a:—y—kie)

i /°° Reln®A (Z(y+InN)) N Reln® (—2(y +1nN))
T J_mmN sinh(%x—y—lnN—I—ie) sinh(%x-l—y-i—lnN—i—ie)
20 =, [ 2 _x, [
~ _ 5T -y o 7Z -y
~ - e /Oo Re lA4(y)e Ydy + e /Oo Re lA_(y)e Ydy. (2.43)
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Anticipating that both integrals in (2.43) yield the same value and using (2.33) we

obtain

24
InA(z — iv/2) ~ —N f(z —iv/2) — g—;] sinh % = " Re lAs(y)etdy.  (2.44)

In principle the nonlinear integral equation (2.37) has to be solved for ay. In the
previous paper [23] this equation was solved numerically. However, following [22], we
are now able to calculate the integral in (2.44) without explicitly solving the integral
equation.

We begin by differentiating (2.40) with respect to z,

la’ 1 F —F [A’
R o R O i (2.45)
la:l: 1 —F2 F1 lA:I:

Multiplying (2.45) with [A+, [A+ and (2.40) with [A’,, m/i, subtracting and lastly

integrating we obtain

/ [0, (2)l Ay (z) — las (2)IA, (z)] dz + / O; [H/i(x)mi(x) —Hi(m)m’i(x)} dz
/ ClA (z) + 1A, (z)] do + 2/_00 e [mi(x) + m/i(x)} dx
+ ;jd)fy - [lAli(x) - m;(m)} dx (2.46)

where the contributions of the kernel K cancel due to the symmetry (2.42). After
integrating by parts, the right hand side of (2.46) is recognized essentially as the
required integral in (2.44). On the other hand, the integral on the left hand side of

(2.46) can be calculated after changing the variable of integration x to a and @,

8/ e "Re lAL(x)dx

i = = = — migp . Ai(oo)
= /_OO [la 1Ay —layl AL ] do + /_OO [lailAi - laiAi] dz + — In Az (00)
a(oo) a(oo) — _
:/ In(l+a) Ina da+/ 1n(1_+ a) lna_ .
_ a 1+a (— a 1+a
a(—o0) a(—o0)
z'7rq§ _i(oo)
+ In
m—7 Ai(co)
2712
=L (w2 L (w?) —
(@) o) - 22
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where the asymptotics, e.g. ax(00) = w2, Gx(o0) = w?, Ax(o0) = 1+ w2 and
A4 (00) = 1+ w?, have been read off from (2.25) and (2.36). In (2.47) we introduced
the dilogarithmic function L(z) which is related to the Rogers dilogarithm [27]

L(z) := /O [ln(”y) LN (2.48)

y I+y

We have further used the functional equation [27]

L(z)+L(1/z) = % (2.49)

We are now able to give the explicit result for (2.44) in two ways,

~ 2
InA(z — iv/2) ~ —Nf(zx — iv/2) 6% sinh %x [1 - #’5_”1 (2.50)

and )

T gy 6¢

InA(v) ~ —N —cosh — [l — —— 2.51
aA(0) = ~Nf(0) + o T |1 BT (251)

from which the central charge is easily identified as (see, eg [6])

6 2
co1- 0 (2.52)
m(m =)

in agreement with earlier numerical [25] and analytic [11] calculations.

3. The 19-vertex model

In this section, which is the main part of the paper, we treat the 19-vertex model
and the related spin-1 X X Z quantum chain [13]. The ideas developed in the preceding
section for the 6-vertex model are directly applicable, allowing us to follow the given

outline quite closely.

3.1. Bethe Ansatz equations

The eigenvalues A(v) of the transfer matrix of the 19-vertex model are given by
[17]
A(v) = L(v)L(v + i) — sinh(v — )" sinh(v + 27i)". (3.1)

14



The function L(v) is subject to an equation resembling (2.1),

L(v)q(v) = w®(v — yi)q(v + i) + w ™' @(v + 7i)g(v — 7i) (3.2)

where .
®(v) := (sinhv)?, q(v) = H sinh(v — v;) (3.3)

j=1

as before. The phase factor w = e’® corresponds to the twisted boundary conditions
on the spin chain considered in [28].

In order to render A(v) and L(v) analytic the numbers v; have to satisfy
p(vj)) =-1, j=1,..m (3.4)

where the function p(v) is defined by

o ®(v —iy)q(v +iy)

V) = w : —. 3.5
pv) ®(v +iy)q(v — i) 39
We see from (3.1) that A(v) can be expressed in terms of p(v) only,
Aw) = D0 — 1)+ 29i) | —— + POED o iy ] (3.6)
p(v)  pv)

The Bethe Ansatz equations (3.4) are again a set of non-linear equations for the
numbers v;. However, unlike for the 6-vertex model, the largest eigenvalue of A(v)
admits m = N zeros or Bethe Ansatz numbers v; grouped in 2-strings, i.e. they are
distributed close to the lines Im(v) = £v/2 such that each two zeros v; form a complex
conjugate pair. The origin of the difficulties in calculating finite-size corrections is the
significant deviation of the Bethe Ansatz numbers from the lines Im(v) = £v/2 for

finite systems. This deviation is calculated in Appendix 2.

3.2. Non-linear integral equations

In order to accomodate the ground state we consider systems where the finite
size N is even. The largest eigenvalue of the transfer matrix is then given by N/2
complex conjugate pairs of Bethe Ansatz numbers close to the axes Im(v) = /2 and
Im(v) = —v/2. As an immediate consequence we note that the symmetry properties

(2.6) still hold. We will be particularly interested in values of the crossing parameter
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for which v < /2. Although the following analysis can be applied to this full range we
will restrict ourselves to v < 27 /5 for the sake of a simple presentation. Our approach
is essentially based upon the ANZ property of the functions ®(v), ¢(v), L(v), and A(v)

in the strips

®(v) ANZin 0<Im(v) <

q(v) ANZin —7m+7v/2 <Im(v) < —7v/2

L(v) ANZin  0<Im(v) <~

A(v) ANZ in —v <Im(v) <0 (3.7)

where we have used the known bulk behaviour as a guide. As in the previous section
these ANZ properties are exploited by setting up and solving functional relations for

some suitable auxiliary functions,

a(z) = —TP@) {tanh ”—mr - a()

p(z)p(x — i) 2y
1 rz N
o) = S [ o
1 rzlN
c(z):= o pr— = {tanh a] - c(x)
A(z) =1+ a(x)
B(r):=1+b(x)
C(x) =1+ c(x) =A(x)/B(z) (3.8)

Here we have anticipated the bulk behaviour of a(x), b(x), ¢(z) and have introduced
functions a(z), b(x), c¢(x) accounting for the corrections. The variable x may be
regarded as real.
We first look at some relations among the auxiliary functions which follow simply
from their definition. By inspection we obtain
¢(x) 4 P(x + i — 27i) q(x + 2vi — i)
o) T B r2vi)  gqlw - 240)
o ®(z + mi — i) q(x + vi — i)
Oz +v1)  qle—7i)

(3.9)

where we have used the mi-periodicity to reduce the arguments of ®(v) and ¢g(v) to

the analyticity strips (3.7). Taking the second logarithmic derivative and applying the
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Fourier transform (2.9) we get

sinh(mw/2 — 2vy)k

1 _//_ 1 1 —
Fielne]” = Fi [lnc] sinh(m/2 — v)k

Fi [Inp]”. (3.10)

From the relation

= 3.11
a(e)  ela) pla) 340
we obtain
Frnal” — Fi [Inal” = Fi [Ind)” — Fr [In¢)" — Fp [Inp]”. (3.12)
Similarly from
c(z) B(x)
b(x) = —= 3.13
= ) Aw) (343)
and its complex conjugate we find
Frnb]” = Fr.Ind” — Fp Inp]” + Fr. InB]" — F, InA]”
Fi mb]" = 7, In@” + Fi [Inp)” + Fi [nB]" — F, nA]". (3.14)

We next observe that the function a(z) continued to the complex plane enjoys a

non-trivial ANZ property,

a(v) ANZin  0<Im(v) <% (3.15)

which follows from (3.7) and the relationship

N
®(v) coth (%v) q(v — 27i)
O(v—41)P(v — 279i) q(v+ i)

L(v). (3.16)

a(v) =w

We therefore can calculate the Fourier transform of the second logarithmic derivative

of a(v) using an integration path with imaginary part v and employing the identity
a(z + i) = 1/b(z). (3.17)
Thus we derive

e " Fy [Ina]” = —F; [Inb]”
" F Ina)” = —Fy [Inb])” (3.18)
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where the second equation is obtained from the first by complex conjugation.

We apply a similar reasoning to the function

_ 1 plv+id)
p(v) p(v)

+ p(v + i) (3.19)
which also possesses a non-trivial ANZ property,

h(v) ANZ in —~ <Im(v) <0. (3.20)
This is obvious from (3.7) and

h(v) = A(v)/ [®(v — 7)) P(v + 271)]. (3.21)

As before, we calculate the Fourier transform of the second logarithmic derivative of

h in two different ways. Using the representations

h(z) = f((rf)) (3.22)
h(x — i) = c(x) ?((f)) (3.23)

we derive two formulae for F, [Inh]”. Equating these gives
Fi [nA]" = Fi np)” = e % [FiIne)” + Fi, InB]" — F [Inb]"] . (3.24)

The equations (3.10), (3.12), (3.14), (3.18) and (3.24) can be solved for F} [Ina]”
etc. in terms of Fy [In2A)” etc. However, we observe that in order to proceed we only

need expressions for Fy, [Inac]”, Fi [Inb/c]” and Fy [Inp]”,

Fi[Inad” = %ﬂ; In2A]” — #}} [ 2A]”
- 1ﬁuﬂ )" — 1-il-u]:k InB]” (3.25)
Fielnb/d" = — Jlr Pl A~ 5 i LT A" + 7 InB]"  (3.26)
T [Inp]” = — - i #fk A" + - i M]-"k [ 2A]” (3.27)

where we have used the abbreviations

_ sinh(7/2 - 2y)k
~ sinh(7/2 — )k

po=e (3.28)
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Applying the inverse Fourier transform to (3.25), (3.26) and integrating then gives

_ _ — 271
lnac:2Nlntanhﬂ+F*ln9l+G*1an+H*ln%+H*ln%— g
27y T — 2y
Inb/c=H+InA+ H*InA +1nB (3.29)
where we have introduced the functions
1 [ 3u+2uv
F = "Rk
W= [T
= —— ——e\WTIN(E
6= | rare
1 o - ) 1
H(z):= —— B elmtakgl = 3.30
(z) 21 J_ o 1 —}—ue 2~ sinh%(x—ie) (3:30)

and € > 0 is infinitesimally small. The integration constants in (3.29) were determined

through the asymptotics,

1+ w? 1+ w?+w!
a(+oo) = 1 A(£o0) = — i (3.31)
1 1+ w? +wt
= + = .32
b(#e0) w2(1 + w?)’ B (Fo0) w?(1 4 w?) (3:32)
1
p(00) = w? (3.31)

In addition to (3.29) we note the subsidiary conditions A = 1+a and 8 = 1+b. Now
¢ is given in terms of a and b by € =1+ ¢ = 2A/B. Therefore it follows that (3.29) is

a set of non-linear integral equations for a and b, exact for all finite system sizes V.

3.3. Finite-size corrections to the eigenvalue

Once the solution of (3.29) is known the eigenvalue A(v) can be calculated from
(3.21),

Az — i) = O(x — 27i)P(x + vi)h(z — i) (3.35)

in which A contains the finite-size corrections and is related to p and 2 via (3.13) and
(3.23),

h(z — i) = p(z)A(x). (3.36)
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Applying the inverse transform to (3.27) and integrating we express p in terms of
as

Inp(z) =H+InA — H+InA (3.37)

where the integration constants are zero. Then on inserting (3.37) into (3.36) and
performing a contour integration,
[ In2A(x — [ InA(x —
mh(x_w-):L/ R —y) o0 [T Alz—y)
27 J oo sinh Z(y — ie) 27 J oo sinh Z(y + ie)

_i/oo Rean((x—y)d

R sinh 7 (y + ie)

dy + InA(z)

(3.38)

we derive an expression for the eigenvalue,

N . _ i [ Reln2(y)
InA(x — i) = In[®(x — 2vi)P(z + vi)] + 5 /OO ShE (2 — y + 70 dy (3.39)

where the finite-size corrections are given exactly in terms of the 2A-function as in
(2.33).

3.4. Analytic calculation of 1/N corrections

It is quite hopeless to look for analytic solutions of (3.29). However, it is again
possible, following [22], to derive the leading finite-size corrections analytically without
solving (3.29) explicitly. For this purpose we define appropriate limiting functions for
a(x), b(x), and c(x) as for a(x) in (2.36). With these limiting functions and their

complex conjugates, (3.29) can be put into a compact matrix notation,

lag + lex 1 A4 -1

by — lc 0 IB 0 | 2

R s K| |+ mie (3.40)
las + lcy 1 [AL 1 | ™—2y

by —ley 0 By 0

where the kernel K exhibits the important symmetry property (2.42). This is sufficient
to apply the trick of the previous section. Multiplying the derivative of (3.40) with
(IA4,I1B+,lAL,IBy) and (3.40) with (LA’ ,ZB;,E;,@;), subtracting and lastly
integrating we find

/ [(laly + 1)lAy — (lag + ley )AL ] do

— 00
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+/ (10 — 1 )IBy — (Iby — ley )IBY] da

_|_
—
S
=l
+
&
5l
N
H_
|
=
H_
+
=
t
N
S
U
8

+ [(mi —1cy)IBy — (Iby — Ei)m;] dx

= 4/ e_w(lAi + lA’i)dx + 4/ e_m(mi + m/i)dx

—00 — 00
2wi¢p [
™= 27 —o00

[lA’i (z) — 1A (@} dz (3.41)

where the contributions of K cancel due to its symmetry. Performing an integration
by parts on the right hand side of (3.41), collecting lcy terms on the left hand side

and employing the relation [A4 — [B+ = [C'+ we then derive

16/ e "Re lAidx =
/ [la’ilAi — lailA;: dx +

— 00

] / [T, T4, — TaTA, ] do
+ / [0\ 1By — by B ] dz + / [E’i@ _mm’i} da
s+

88

+/ (1 1Cy — leglC ] da +

[Egﬁi—ﬁgéqu
_ 2oy, Alo) (3.42)
T—27  A(c0)

Proceeding now exactly as in (2.47), introducing the dilogarithmic function and using
the asymptotics as given in (3.34) we obtain

16/ e *Re lAidr =

— 00

:L(f;ﬂ)+L@%LH3D+L<95%;§)+L(5§?)
+L (é) +L(w?) - B

m— 2y
9 87 p?

- 3.43
(U (3.43)

where we have used the functional relation (2.49) to evaluate the dilogarithms.

Hence the final result for the eigenvalue A is given by

L , ., T 3 8¢?
InA(z —iy) ~ =N f(z —iy) — 6N sinh =2 [1 - m} (3.44)
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where f denotes the bulk free energy. In this case the central charge is identified as

- g [1 - %} (3.46)

confirming the earlier result based on numerical solutions of the Bethe Ansatz

equations for various values of v and ¢ [28].

4. Conclusion

To conclude, we remark that our key results are the nonlinear integral equations
(2.27) and (3.29) along with the results (2.33) and (3.39) for the largest eigenvalue
of the transfer matrix. The equations derived hold for finite systems N, from which
we obtained the exact results (2.52) and (3.45) for the central charge by exploiting
the symmetry properties of the kernel. Both results, for S = % and S = 1, are in

agreement with the more general formula

35 {1_ i(SHW}

T S+1 (m —257) -y

C

obtained from direct numerical solution of the Bethe Ansatz equations for relatively
small values of S [28]. The result (1.1) is recovered for periodic boundary conditions
(¢ = 0). As mentioned in section 1, this result was first obtained via the known low-
temperature thermodynamics [4,18]. However, unlike the thermodynamic approach,
which cannnot readily be extended to handle the excitation spectrum, we expect
that the present calculations can be extended along the lines of [22] to derive the
scaling dimensions, and thus the complete operator content, of the 19-vertex or
Zamolodchikov-Fateev model. We also expect that our approach can be generalized to
arbitrary spin-S, to other boundary conditions and to models with additional surface

terms [29-31].
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Appendix 1.

Here we collect some formulae which are used in the main part of the paper. We

first note the Fourier transforms

k
fk [hl sinh x]" = m
mx]” k
| h—| =———— Al
Fr [ncot 27} = ( )

where the variable x is assumed to lie in the upper half plane close to the real axis.

For Rea > Reb > 0 we obtain

o ebr T 1
dr = — . Al1.2
/Ooe‘“—kl . a sin 2b ( )

Next we prove the cancellations of the symmetric kernel in our manipulations of

the integral equations. This is due to the identity
> @k sy @i =Y [ t@s )@ (AL
ij VT i YT

for a symmetric local kernel £;; and functions [; with constant asymptotics. In order
to establish (A1.3) we perform the derivative on the left hand side as (k;; * ;) (x) =
(Kij % 15)(x), obtaining

Z/_OO /_oo Li(@)kij (x — y)l(y)dydz. (Al1.4)

Here we are allowed to interchange the order of integration. After interchanging the
variables z, ¢ with y, j and using the symmetry kj;(y — z) = k;j(z — y) we find the
right hand side of (A1.3).

Appendix 2. 2-string deviations

In this appendix we derive the asymptotic deviation of the Bethe Ansatz numbers
from the 2-string picture. For this purpose we determine the large N behaviour of
the functions a(z), b(z) and ¢(z). From (3.29) and limy _,oc A(x) = limy o B(z) =
limy_ o0 €(x) = 1 we have

Inac ~ 2N In tanh ? — 2mi¢

v Tm=2y
Inb/c~0 (A2.1)
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These relations can be rewritten for p(x) and p(z — i),

p(x) ~1

p(z —iv) ~ V2 (coth ?)N exp ( mié ) . (A2.2)

gl =2y

The large N behaviour of a(v) is now easily determined to be

lim a(v) = v2exp (— in¢ ) (A2.3)

N—o0 m™— 27

Let v; be a Bethe Ansatz number in the lower half plane, then v; 4 ~¢ lies in the
analyticity strip of a(v). Using 1/p(v; + vi) = 0 and the Bethe Ansatz condition
p(v;) = —1 we find
o\
a(vj + i) = — <tanh —j> (A2.4)
2y
Combining the last two equations yields a convenient condition equivalent to the Bethe

Ansatz

(tanh @>N = —V2exp <— mig ) (A2.5)

2y T — 2y
Taking logarithms we find

N <1ntanh %) (2 + Dmi4 22— 0 (A2.6)
B!

2 T — 2
where consecutive numbers v; are labelled by consecutive integers —IN/2 < j < N/2.
The second and the third summands on the right hand side give rise, respectively, to
a deviation from the 2-string formation and to a shift of the Bethe Ansatz numbers
due to the twisted boundary condition. Suppose both terms were absent. We would

then have to deal with numbers U? subject to

oY
N Intanh Q—J = (25 + 1)mi. (A2.7)
Y

For large N, we would then have

v\’ 1 (g1
N <1ntanh 2—) (v; —v)) = =In2 —
N (lntanh %) (U?Jrl - ’U?) = 2. (A2.8)
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In the thermodynamic limit, the Bethe Ansatz numbers are densely distributed

along the line Im(v) = —v/2. Define the density function

o(v) = lim ! (A2.9)

N=oo N(vfyy —vf)
Then the deviation from the v° distribution is given by Av 1= v; — U?, for which we

find

v; — V) In2
NoAv= 3 =25 ¢ (A2.10)
Vi — U 47 2(m — 27)

The deviation of the Bethe Ansatz numbers in the upper half plane is described by
an analogous formula with a positive imaginary part. This is the generalization of the

result obtained in [21] and [23] for periodic boundary conditions (¢ = 0).
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