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Abstract

We construct integrable boundary conditions §2) coset models with central charges=
3__12 _andm=3,4,.... The associated cylinder partition functions are generating functions
2 m(m+2)
for the branching functions but these boundary conditions manifestly break the superconformal
symmetry. We show that there are additional integrable boundary conditions, satisfying the boundary
Yang—Baxter equation, which respect the superconformal symmetry and lead to generating functions
for the superconformal characters in both Ramond and Neveu—Schwarz sectors. We also present
general formulas for the cylinder partition functions. This involves an alternative derivation of the
superconformal Verlinde formula recently proposed by Nepomech2002 Elsevier Science B.V.
All rights reserved.

PACS:12.60.Jv; 04.20.Jb; 04.60.Nc

1. Introduction

It is known that for certain families of rational conformal field theories (CFTs) [7,8]
it is possible to construct complete sets of integrable and conformal boundary conditions.
More specifically, if the associated critical Yang—Baxter integrable lattice model is known,
then fusion techniques can be used to construct integrable boundary conditions which
satisfy the boundary Yang—Baxter equation and give rise to all of the conformal boundary
conditions in the continuum scaling limit. This program has been carried out in particular
for s¢(2) minimal [6] and Z; parafermion models [17]. In these cases the Virasoro
characters and parafermionic string functions are dictated by the relevant chiral algebra.
In some cases, however, there exists an extended chiral symmetry and in such situations,
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at least from the viewpoint of CFT, the actual chiral algebra which is used is a matter
of choice depending on the symmetries which are to be preserved. A relevant question
is then whether integrable and conformal boundary conditions can be obtained which
are compatible with the extended chiral symmetry. If the answer is yes, as we expect is
generally the case, then this observation necessarily implies the existence of new solutions
to the boundary Yang—Baxter equations for the underlying critical lattice model.

In this paper we consider the level tved(2) coset models which can alternatively be
viewed asN = 1 superconformal theories. We review these theories from the different
CFT viewpoints in Section 2. We give a generalized Verlinde formula for the fusion
coefficients of the superconformal theories, being valid for all values of the central charge.
This generalizes a formula recently proposed by Nepomechie [18] for the theories without
fixed point, who extended the analysis of [2,3], using a different approach than ours.
In Section 3 we define lattice realizations and use a generalized fusion procedure to
construct integrable boundary conditions. In the case corresponding to the usual fusion
procedure, this leads to integrable and conformal boundary conditions for the coset models.
The analysis generalises straightforwardly to general coset theories. We thus extend the
results of [1], where only a subset of all coset boundary conditions had been found. The
generalized fusion leads to additional integrable boundary conditions which we posit to be
compatible with the superconformal symmetry. This is explained in Section 4x [éaid,
we give boundary weights corresponding to all coset and superconformal boundary fields.
Form even, the construction is complete with exception of the fixed point fields.

In Section 5 we confirm numerically that these solutions of the boundary Yang—Baxter
equations indeed lead to the branching functions and to the superconformal characters in
the continuum scaling limit. The integrable superconformal boundary conditions can be
extended off-criticality and are highly relevant to the study of superconformal bulk and
boundary flows via TBA [19].

2. Superconformal theories

In this section we review the properties 8f = 1 superconformal theories, whose
unitary highest weight representations have central charges

3 8
Czi[l_m], m=34.. . 2.1)

We focus on theA-type of theA—D—FE classification [9] of torus partition functions. We

give an alternative description using the coset construction and relate both approaches.
We give explicit expressions for the matrices and derive the fusion rules. We derive

a generalized Verlinde formula, which describes the fusion of superconformal boundary
conditions, following the general framework of Behrend et al. [7,8].
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2.1. Coset construction

The coset description of these models is given by the coset [13,15,20]

SE2)m_2 @ SL(2)2

= 2.2
St(2)m @2
Its branching functionbﬁfﬁ (¢) satisfy
m+1
Xr—1m—2(q. Dx1.2(g. )= b @ xs-1m(q. 2), (2.3)
s=1

where the ranges of the indices arg & <m—1,1<s<m+1,0<1<2. Thex,s(q.2)
are the characters of the affine Lie alges#é?) at levelsn — 2, 2 andmn, respectively. The
branching functions satisfy

2—1
bO@ =by ) 2@,
b (g)=0, r+s+I=1mod2 (2.4)

The weights of the nonvanishing branching functions are given by

A0 = [(m ~|—82):m—:12s>]2 —4 N %(Z B (_1)(l+s—r)/2> 1+ (1)
+ 1i6 + 81,08r,m—18s5.m+1 + 81,28,,185 1. (2.5)
Form = 3, we obtain the weight tables as shown below.
T [=0 r =1 r [ =2
W |3 EE s |0
0 |3 o | |16 2| |
S S S

T =0 r [=1 r =2
3 1 3 9 1 2
2 6 2 16 16 1 3 0
1 9 3 1 3 9 1
16 16 8 21 8 16 16
2 1 9 3 1 3
0 3 1 16 16 2 6 2
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The branching functions can be expressed in terms of the branching coeffitigntsq)
defined [11,12] by

€3] 2
jiis@) = B = 199 )3 3 (z - z)

e1,e=%1 \k,n1,ny  k,ng,n

k 1 ji .
X (— 1)k+(el+62)qk(k LU= (]3+ )+ZZ [ke,(m,n,+%’)+m,~ni2+jm,-], (26)

where

]

o) =[](-¢"). mi=m.  my=4  mz=m+2 2.7)
n=1

and the two sums are restricted to value$,of1, ny satisfying

> atl | Ji
Z:k>€+1, n< > +;65<mini+é>€Z,
2

. 2 )
Zikéé, 77—1213—;1—%2 €i<mini+]7’>eZ. (2.8)

i=1

The integerg = £(¢;, n;) andn = n(e;, n;) can be chosen arbitrarily for fixed andn;.
The nonvanishing branching functions are given in terms of these as

bi(‘,lA) (Q) = dr,l-i-l,s(‘])~ (29)
Under modular transformations, the branching functions transform as

m—1m+1 2

b(n 2m ZZZS((:’SI’)I),?U) f2m'/r)’ (2.10)

=1s/=10'=
where the transformation matrixsatisfies

sT=s571, $2=1. (2.11)
The entries ofS are given explicitly by
s 2 . " T+ DA +1
st — V2 sin™ " gin I8 gjp ZUADCHD (2.12)
(r.5,0) m(m +2) m m+42 4

Note that theS matrix above cannot be interpreted as the modular matrix of an appropriate
conformal field theory since its definition includes vanishing branching functions, which
do not correspond to primary fields. A method how to resolve this problem is given in [20].
For completeness, we will discuss their method in the following paragraph.

We conclude this subsection with a discussion of the Verlinde coefficients

m—1m+1 2 o('s1) (' s\ 1) @—1\0'.s" 1)
(r2,52,02) S S )(S )

(rys,)  “(ris1,la (r2,52,02)
M (ros,0), (ra,s1,0) = Z > Z (7T € No. (2.13)

=1s'=10'= (1,10
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As argued above, these coefficients cannot be interpreted as fusion coefficients for fusion
of primary operators of an appropriate conformal field theory. They are, however, closely
related to the fusion coefficients of a modified description, which is relevant to our
discussion of the related lattice models. Due to the coset construction, the Verlinde
coefficients can be written in tensor product form
" ,s"1") (" (m+2)s” (HI"+1

n(r,x,l),(r’,x’,l’) =Ny ss’ nl+1,l’+1’ (214)
@)k
ij
fusion coefficientmlff)k can be expressed in terms of the matrix elements of the fused
adjacency matriceg®" of the graphd,_; as

wheren;;”" are the fusion coefficients of the affine Lie alge@aZ) at levelg — 2. The

k k
nl(}g) =Fi(,§) ’ (2.15)

where F(®)" are given recursively in terms of the adjacency matrix of the gréph by
thest(2) fusion rules
FOr—A, p®-1_fp@r=2 ", _3  ¢-1, (2.16)

with initial conditions

FOl=1, 4,  F®2=4, (2.17)
2.2. Field identification and fixed point resolution

The method proposed in [20] consists of two steps: field identifaction and fixed point
resolution. We first define a fundamental domaie= EqU E1UE y U E> of (r, s, 1) values:
Eo= {(r,s,O) | r —s mod 4=0},
Ey = {(r,s,Z) | r —s mod 4=0},
E1= {(r,s,1)|r—s mod2=1, s<(m+1)/2;
(=D =+1 s=m/2+1, r <m/2},
Ef={(m/2,m/2+1,1),m ever}. (2.18)

The second step consists in resolving fixed points under the transformation (2.4). A fixed
point branching function occurs fat even and has labels, s, 1) = (m/2,m/2 + 1,1).
The resolution is done by duplicating the fixed point branching function [20] according to

by (q)=3(bs(q) = 1),
br(q):=b1, ()H{'l 217, 2.19
S =m2m2 80 g (g) = b (g) + D). (249
In this new basis, the resulting modular matsiis given by
2Sa,b Sa,f Sa,f
S=| S 3 -3 (2.20)

X 1 1
Sfp =3 3
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wherea, b € EgU E1U E> and f € E¢. Form odd, the matrixs is simply

S=(2S.1), (2.21)
wherea, b € EqU E1 U E>. It satisfies in both cases

ST =351, S?=1 (2.22)

Fusion coefficients for the corresponding primary fietiscan be computed using the
Verlinde formula forsS,

i

~ ~_1
kK _ Sin jnSnk
iy = 3 e

n 1n

t

2

(2.23)

(%)

The labelsi, j, k,n denote the valuesr,s,l) € Eq U E1 U E» respectively f1, f> of

the corresponding primary fields. The label 1 corresponds to the vacuum field. It can
be checked that the fusion coefficients are integers. They coincide with the Verlinde
coefficients (2.13), restricted to the above fundamental domain, after a change of basis
for the fixed point branching fields to its sum and difference according to (2.19).

2.3. Superconformal data

The unitary heighst weight representations of Me= 1 superconformal algebra have
central charge (2.1) and conformal dimensions

[(m~|—2)r—ms]2—4 1 _
A= —[1- (1], 2.24
o +32[ (-] (2.24)
where 1< r <m —1 and 1< s <m + 1. The cases — s even or odd correspond to the
Neveu—Schwarz and to the Ramond sector, respectivelynFer3 andm = 4, the Kac
table of conformal dimensions are

r m =4
6|6 |16
7113y
16 | 10 | 80 P I B I
N 8§16 |24 |16 |8
80 | 10 | 16 R
s Ol |5 |16 |1

S

Note that these tables may be obtained by combining the appropriate coset tables. In the
Neveu—Schwarz secter— s even, this amounts to identifying fields corresponding to
superpartners.

The superconformal characters are given by [9,16]

NS a1t <
Xr.s (@)= qfc/ 1_[ - pm Z (qu,x(n) — qV—r,x(”)),
n=1

n=—oo
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N3 24 X 1 gnY2 2
XV,SS(Q) = q—C/ 1_[ B Z (=)™ [q)/r,x(n) _ (_1)rsqy,m(n)]’
n—l o q n=—oo
0 00
_ 1+ qn
R ()= 24+1/16 . -
xR (q)=q #HY T S (g — gr),
n:l n=—oQ
X = 8rs5).(m/2.m2+1)- (2.25)
where
2
2nm+2n —r(m+2)+sm|” —4
)= | — (2.26)

8m(m + 2)

The trivial characteryX in the sectorR occurs form even only. TheS matrix for
the superconformal theories is usually defined in terms of modified characters in the
Ramond sector, since th® states are doubly degenerate except for the fixed point
(r,s) = (m/2,m/2 + 1). We thus define modified charactefs,(q) = g.sv2x.  (q),
where
1 r,s m/2,m/2+1),
vi={L onerise, @227)

For the definition of the superconformg&imatrix, we restrict the values of the conformal
labels(r, s) to the following fundamental domain

Ejg=Ens={(,s)|r —s mod4=0},
Er={(r,s)|r—sodd s <(m+1)/2
rsodd s=m/2+1 r<m/2]. (2.28)

This is equivalent to the choice in [16]. In this modified basis andifadd, theS matrix
is given by [16]

SINS,NS] 0 0
S = 0 0 SINSRI), (2.29)
0 S[R,NS] 0
with matrix elements
4 wrr’ wss'
[NS,NS] ; i
S 2l = sin sin ,
(rs),(r's") m(m + 2) m m+2
— , 4g,rs _mrr’ . wss'
SNSRI (_1)(r=)/2 2 sin sin ,
(rs),(r's") ( ) /m(m+2) m m+2
—~ ;o 4g o mrr’ . mss'
SURNST -~ (_1)('=s")/2 ™ sin sin ) 2.30
(rs),(r's") =D /m(m + 2) m m+2 ( )
Form even, theS matrix is given by [16]
GINS.NS] 0 0 0
0 0 SINS.RI
5= 0 GRS 0 ol (2.31)

0 0 0
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where the last entry corresponds to the trivial character in the sRctorboth cases, the
S matrix satisfies

sT=s71  §2=IL (2.32)

For m odd, a generalized Verlinde formula for the fusion coefficients has been given in
[18]. We give a generalization of this formula comprising both casexid andn even,
which will be deduced below. Nonvanishing fusion coefficients occur in the sectors

NSxNS— NS,  NSxNS— NS,
NS X R— R, ]!SX~R—>AIS,
RxR— NS, RxR— NS. (2.33)

They are given explicitly by

[NS,NS] o[NS,NS] , o[NS,NS]\—1
NSk _ Sit Sl (S )ik
nNSi’NSj - Z

GINS.NS] ’
leEys u
B [NS,R] oINS.RI, o[NS,R]\—1
L Z Su S (S ik
NS,',NS/' - S[;\TS,RI ’
leEg u
[R,NS] o[R,NS], o[NS,NS]y—1
aNSE 1 S S S £
Ri.R, = [NS,NS]| ’
8i8J 1EEvs Sy
[NS,NS] o[R, NS, o[R,NS]y—1
R _ 8k Z Sit S (S ik
nNS; R = Y GINS.NS] ;
J IeENs 1
. [NS.R]
NS R kf
WS _ o B _ oK 2.34
RR NS R GINS.R] ( :
1if

These expressions coincide with [18] up to factors of two, which arise from different
normalizations. We adopted the convention that fusion of the vacuum with Ramond states
yields the Ramond state back, whereas in [18], Eq. (3.17), twice the Ramond state is
obtained. It can be checked that the fusion coefficients are integers. We emphasize that
these formulae can be obtained from the fusion coefficients of the coset construction by
performing a change of basis to superconformal primary fields, as explained in following
paragraph.

2.4. Branching functions and superconformal characters

The branching functions are related to the superconformal characters by a linear
transformationv

x=Mb, S, =MS,ML, (2.35)
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which also relates the tw® matrices (2.20) and (2.29), respectively, (2.31). The branching
coefficients are expressed in terms of the (modified) superconformal characters by

bﬁf?<q>=—[xrf(q)+< )7 ¥ ()], r—seven
b(2?<q>=—[xrf(q) 17 x¥S(g)], r—s even

bMg)=— X”(q) (r,s) #(m/2,m/2+1), r—sodd (2.36)

7

1
by (q)= [xf (9) — xf] f=m/2,m/2+1),

bp(q) = [xf(q)+xf] f=0m/2,m/2+1). (2.37)

This relation is invertible and gives the (modified) superconformal characters in terms of
the branching functions as

a3 @)=bQ @) +bF(q). r—seven

W@ = D 2(69g) - b2 (), r—s even

R @ =v2b @), .5)#m/2,m/2+1), r—sodd

AR @) =bp(@) +bp(q),  f=(m/2,m/2+1),

xF=bp@) —bp@. f=m/2m/2+1). (2.38)

We now discuss the relation between the fusion coefficients of the coset description and
the superconformal description. This leads to an alternative derivation of the generalized
Verlinde formula, which is valid also for the cageeven. Under the change of basis of the
primary fields

d=M®d, S=MSM1 (2.39)
fusion coefficients are given by a modified Verlinde formula

(SM)ln(SM)]n(SM)nk

~k
k — 2.40
ik Z T (2.40)
The primary coset fields and superconformal fields are related via
oNS = (@0 +0@)/2, r—seven
oS = (- 1)<’ D2 —@@)/2, r—seven
1
R = ﬁcp,‘{), (r,5) # (m/2,m/2+1), r—sodd
1
of = 7(% +®p), f=(m/2,m/2+1),
of = (qsfl ®p), f=m/2,m/2+1). (2.41)

7
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Note that the matrix/ of basis change is different from the corresponding one for the
branching functions and superconformal characters (2.38). It can be checked that the fusion
coefficients for the superconformal primary fields are integers, and that they are related to
the S-matrix of the superconformal characters (2.29) and (2.31) by the formulae (2.34)
given above.

2.5. Cylinder partition functions

The modular invariant partition functions of the coset models (2.2) have been classified
by Cappelli [9] in terms of a pair of graph&’, G) whereG’ is of A-type or D-type, and
G is of A—-D—-E type. Throughout the paper, we restrict ourselvestype models, whose
allowed spin values are given by the adjacency matrix of the ghaph

According to [9], the modular invariant torus partition function for (g, —1, A, +1)
models is given by

zp=a Y (F@P+ @)

r—s even
ta Y [V2xR@ P +blxf (2.42)
r—s odd

The summation is over all allowed valueswot=1,....m —1,s=1,...,m + 1, the
constants andb are not specified by modular invariance. The last term is a constant and
occurs form even only. The above modular invariant partition function may be expressed
in terms of the branching functions using (2.38) as

m—1m+1 2

Z@=2ay ) Y [pR@ +b

r=1 s=11=0
2
=21 Y [pQ@|° + @a+b)(b3,(9) +b%,(@)
(r)#(5.15%)
+ (4a — 2b)b s, (q)b 1, (q). (2.43)
In the above formula, the resolved fixed point branching function occurs fren only.

In analogy to the reasoning in [7,8], we claim that the cylinder partition functions for the
superconformal theories are given by

Ziy7 (@) =) nk jxdq)- (2.44)
k

The fusion coefficientszf.‘. are given by the generalized Verlinde formula (2.34), and
xx(q) are the superconformal characters (2.25). The indice% refer to the fundamental
domain where the§ matrices (2.29) and (2.31) are defined. For the coset description, we
claim that cylinder partition functions are given by

Z{ (@)=Y nk bi(q), (2.45)
k
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where the fusion coefficientsfk are now given by the Verlinde formula (2.23), the
summation ranging over the fundamental domain ofsmeatrices (2.21) and (2.20).

In the following, we will define integrable lattice models with a boundary, which
provide lattice realizations of the coset boundary conditions and superconformal boundary
conditions as discussed above. For each boundary field, we give an integrable boundary
weight, with one subtlety for the fixed point boundary conditions: from our construction,

we only get a lattice realization of the fixed point charaqtﬁ(q) =by(g), but not of the
trivial fixed point character in the sect&.

3. Latticerealization

In this section we discuss lattice realizations of the coset and superconformal theories
on a cylinder. We cite explicit expressions for the face weightd 4ype lattice models
[10] at arbitrary fusion levelp, g). We explain how to construct integrable boundary
weights using the fusion principle and define double-row transfer matrices, generalizing
the methods in [4,6]. This is then specified to the caseq = 2, which corresponds to the
superconformal theories. We explain how the conformal data connect to the eigenvalues of
the double-row transfer matrices.

3.1. Face weights and boundary weights

We consider the criticall-type lattice models at fusion levép, ¢). We denote the face
weights by

u> = (0 =a C, (3.1)

The values of adjacent spins are constrained by the fused adjacency conditions.
Specifically, nonzero weights only occur for spiasb, ¢, d satisfying the adjacency
conditionF!, L FP F1 =1, where the adjacency matric€$ are defined in (2.15). For
A4 and As and fusion level(p, g) = (2, 2), which corresponds to the superconformal

A 0 Q.
1 3 2 4

A

P

Fig. 1. Level two fused adjacency graphs fty and As.

12 3 4 5 3
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theories, we obtain the fused adjacency diagrams as shown in Fig. 1. At fusion level
two, the fused adjacency diagrams consist of two separate parts, corresponding to two
disconnected lattice models. Fdp, with L odd, this leads to two identical, decoupled
lattice models, whereas the cakeeven leads to different models, as we will see below.
We introduce the notation

- w1 ™S sin(u—kn)
[ulm = ]E) sin(u — kA), [m] = kl:[) m (32)

The non-vanishing weights have been given in explicit form in [10]. In either of the four
casesa—b|=por|b—c|=gqor|c—d|= por|d—a| = q they have the factorized form

Wwpa a a+2s—p "
a+2r—q a+2s—p+gq

[([;:Ar))»] [(u 7S+rrfpfl))»] [S)»;u] [(u«;szifu]
[(a+r))»] [(u+2r;q71))»]

q—r
u>

~ [Ar)»] [(aqu_sr))»] [(pquzixfu] [(u+xfptrfl))»+u] o
- [(a+r))»][(a+2r7q71))»] : ( . )
r

q—r

(3.3)

WP a a+2s—p
a+2r—q a+2s—p—q

Here, . = /g is the spectral parameter, agds the Coxeter number of,_;. Using these
weights, the remaining ones are given by

P a b qir
W <a+2r—q b+2s—q‘u>|:s:|

min(r,s) b
) a
= E Wp,é(a—i—Zj—S bts u—i—(q—s))»)
j=max0,r+s—q)
pg—s[a+2j—s b+s
x W (a+2r—q b+2s—g ul. (3.5)

These face weights satisfy the fused Yang—Baxter equation
Sowra (18l Ywea (8 4l wer (1
a b b c g d

4
=S wrr (7 Sy )wra Foelyywra(e d
. b ¢ a g g ¢

)

u—v). (3.6)
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This can be expressed graphically by

Lo f e [ L. e
v u
al u—uv d=a u—uv >d. (3.7)
g g
u v
i ; e L c

The face weights satisfy the fused inversion relation
d e d ¢
q’r r’q
Z W <a b u> W <e b
e
wherep?” (u) are model dependent functions. For us, only the gaseg = 2 will be of

interest. In this case, the functions can be disregarded because they are common factors.
This will simplify the reflection equations, see below. This can be graphically described by

- u) = pqr (u)prq(—u)(SachhF;d, (38)

c=p? W)p " (—u)8acFy Fly. (3.9)

For the definition of boundary weights we will need the braid limit of the above bulk
weights. The braid limit of thép, ¢) weights is defined as

d c . 1 d c
wrd = lim WP
(a b> u oo SiMf i (a b

The braid limit may be obtained from the above weights by the substitution

u) , (3.10)

im . 1 atu _ (D™ pEimaFim(m—1)1/2 (3.112)
u——ioo SIN™ u m [mA]n

We now explain how to define boundary weights, which will realize the different types
of boundary conditions corresponding to the coset description and to the superconformal
description. We explain the general method to obtain integrable boundary weights from
known boundary weights, using fused face weights, as discussed in [5]. We start with a
simple initial boundary condition

a

B (b“ ‘ u) —b (3.12)

c
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with weights satisfying the right reflection equation

p? (u—v+ (g —rA)p? (—u—v—(r—Dr+pu)

XZWW(Z ﬁu—v)W”q<d g}‘—u—v—(q—l)k—i—u)
fg ’

c
xBS(fﬁ‘u)BS(d?‘u)

=p"u—-v)p" I (~u—v—(g—Dr+p)

X ZW‘” (2 JCC
g

qu,r<Jc” i‘ —u—v—(r—l)A+M>Bg (f?@)}%(bi‘u),
(3.13)

wherep?” (1) are model dependent functions. This is depicted graphically below.

u—v+(q—r)k>

(3.14)

We obtain further integrable boundary weights satisfying the boundary Yang—Baxter
equation by applying-type fusion with the braid bulk weights andtype fusion with
the face weights [6]. In order to be able to perform the fusion construction, we introduce
dangling variables for each type of fusion. This leads to right boundary weights of the form

u,{?)

— Z wr—La <b B1 " — %) wr—La <a o1
Bo.B1 cn b A

s—1q ( B1 Bo s—L1q [ @1 @0\ pg Qg
x W q(yl VO)W q(ﬂl ﬂo)B(’(ﬂOVo‘u)’ (3.15)

Ba-(rs) ba o1 Qo
c ¥ Yo

u«—(q—l)?»—u—é>
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graphically depicted by

a a1y «Q ay Qo ..Xo
Lo pw—(g—1)A
I I —Uu —5
. _ (3.16)
b wé | 1 7h b B\ “
o u—¢
c 7I1 7I0 c 71 7070

Here,u and& are arbitrary fixed parameters. The parametés the crossing parameter
(see (3.28)), which we fix to bg = 21 in our numerical calculations. The value of the
inhomogeneity parametér will later be chosen such that the corresponding boundary
weights take simple form and are conformally invariant.

The above construction generally introduces dangling variables for the boundary
weight. In some cases, however, the dependence on these variables disappears. This is, for
example, the case for boundary conditions corresponding to the unitary minimal models.
Here, the(r, s)-type boundary conditions corresponding to the Virasoro characters of
type (r, s) are obtained by starting with a simple “vacuum” solution with boundary spins
a = c =1. Applying fusions — 1 times with face weights in the braid limit gives integrable,

(1, s)-type boundary weights. Since the spin variable of the vacuum weight has only one
value, the new boundary weight is not dependent on the value of this internal spin. Again,
the new(1, s)-type weights are diagonal and have only one spin valge: = s. Repeated

r — 1 times fusion with the full weights leads to tfwe s)-type boundary conditions. These

are again, by construction, independent of the dangling variable

As we will discuss in the next paragraph, above construction yields, for suitable choices
of the starting weights, boundary weights corresponding to each branching function and
each superconformal character. In contrast to the boundary weights for the unitary minimal
models, these boundary weights will however generally depend on internal dangling spins.
The weights satisfy a generalized fused right reflection equation

p? (u—v+ (g —r)r)p? (—u—v— @ —Dr+p)
X Z Wr’q(g ﬁu—v)W”q(d & —u—v—(q—l))mLM)

c f
fevorn

x BY fg 1 Vo‘u B (a¢ Eo‘u
a o1 oo g Y1 Yo

=p" 1w —v)p"(—u—v—(qg—Dr+p)

X Z W’”(; f u—v+(q—r)k)
fevona
xW’”(f g‘—u—v—(r—l))»—i—)
c b H*

xB‘4<f€ €1 60‘u)B’<bg r1 Vo‘u>, (3.17)

g Vi Yo a o1 Qo
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wherep?” (1) are model dependent functions.

P (—u—v—(r—1)A+p)x
P (u—v+(qg—71)N\)X

(3.18)

Similarly, we define left boundary weights, starting from a boundary weight

d
BY (ib‘ u) - c (3.19)
b
satisfying the left reflection equation

P —v)p " (—u—v— (g —Dr+u)
grfc b
X ; w (f a

J8

d c
x Wo
<g f

x B{ (if‘u)BS(Z)d‘u)

=T (= v+ (g —)A)p? (—u — v — (r — DA+ )

XZWW(; Cclu—v)Wr’q<£ lC)
/g

x BY <§f‘u> BS(ib‘u). (3.20)

u—v+(q—r)k)

—u—v—(r—l))wl—u>

—u—v—(q—l))»—i—,u)
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This is depicted graphically below.

XU (—u— v — (= DA+ 1) G

d
9 9
= 3.21
) : (3.21)
xp"(u—v+(g—7)A)
e - 0 xp?(—u—v—(r—1DA+p)

We obtain integrable boundary weights by subsequently applytygpe fusion and
r-type fusion. The new left boundary weights are given explicitly by

u,{?)

Bq,(rs) (CYO o1 ab

Yo y1 ¢
— BY [o44] > Ws—l,q (60 ﬁl) Ws—l,q (CYO 0[1>
2 O(Voﬁo‘u o n Bo B1
Bo.B1
XW}’*l,q (Jﬁ/i i M—(q—l))»—u—é) erl,q <(;1 Z u—f), (322)
depicted graphically as
Q a
u—¢
b
Bl — (g — A (3.23)
—u—£
Yo € Yo Yo M1 c

These boundary weights satisfy a generalized fused left reflection equation

P —v)p" (—u—v— (g —Di+p)

X Z W‘”(; z u—v—i-(q—r))»)
fgvory
gr(d c
x W g f—u—v—(r—l)k+u

«Bi[Y0 N gf‘u g€ € ed‘u
@ o1 a Yo Y1 8§

=p"(w—v+(q—rr)p? (—u—v—(—Di+p)

X Z W“f(; iu—v)W”q<£ lc;

fevort

—u—v—(q—l)k+u>
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« pi[ €L €o f‘ YL Y
YL Yo & a1 oo a

xp"l(—u—v—(g— DA+ p) €L E s <

u> . (3.24)

d
Yo _ 7o
b
xp?(u—v+(g—1)A)
agard T - arora Xpd" (—u — v — (r — 1)A + p)
(3.25)
The fused double-row transfer matrices are defined by
(agv a%v ai,...,dN+1, a%s a%|DPq(us ";:11 52)|ﬁ27 ﬁ%s bls sy bN+17 /3%1 ﬁ]%)
0 b
- ¥ B‘f(’gs by b, —u—(q—l)xw,sl)
C1,..,CN+1 oL aL @
N . .
x ]‘[WM(CJ A )W”q< bjt1 u—(q—l))»—i—u)
o1 aj  dj+1 ¢ Cj+1
b 0
« BY (CN+1 N+1 ﬁR :363 $2>
an+1 “R OR
BLBLb . b b b by by by B By
B PN (B8 = N (3.26)
Poa DA, u,&
1 | I3 C1 Cc2 C3 CN| CN+1] | |
P u U u b
OzL Oé}J a1a1 as as anN aN;{'.ci};}+1aRa%
The fused double-row transfer matrices form a commuting family
DP9 (u)DP4 (v) = DP9 (v)DP4 (u). (3.27)

This can be shown by using the fused Yang—Baxter equation (3.6), inversion relation (3.8),
and the generalized reflection equations (3.19) and (3.24) in the diagram proof given in [4].
It can also be shown by similar arguments involving boundary crossing equations, which
we do not give here, that the fused double-row transfer matrices satisfy crossing symmetry

D?4(y) = D" (—u —(g—Dr+ ,u). (3.28)
3.2. Finite-size corrections

The properties of the lattice models connect to the data of the associated conformal
field theories through the finite-size corrections to the eigenvalues of the double-row
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transfer matrices. Let us denote the double-row transfer matrix with boundary coset or
supersymmetric labelson the left andj on the right byD;;. If we write the eigenvalues
of D,'|j as

Dy(u) =exp(—E,(w)), n=0,1,2,... (3.29)
then the finite size corrections take the form
En(u) = 2NF )+ fy o)+ 2o (o a, k) + o
nU) = f(u Jijju N 24 n n o N/
k, €N, (3.30)

where f(u) is the bulk free energyf;|; (1) is the boundary free energy,is the central
charge A, is a conformal weight and the anisotropy angle is given by

0 = gu, (331)

whereg is the Coxeter number of the gragh _1.

The bulk and boundary free energies can be computed using inversion relations [4,
17]. This we do not do since we are interested only in the conformal partition functions.
Removing the bulk and boundary contributions to the partition function on a cylinder leads
to the conformal partition functioiz; ;(¢) with left and right boundaries and j. For
the superconformal theories, this can be expressed as a linear form in superconformal
characters

Zij =y _nf ;x(@), (3.32)
k

where the fusion coefficient@f. € Z give the operator content, ardhas to be summed
over an appropriate domain (5.44). For the coset boundary weights to be defined below, the
cylinder partition functions are of the form

m—1m+1 2

(r,s,0) 1
Z(rys1.00)|(r2,52.12) = Z Z Zn(rl,sl,ll),(rz,sZ,lz)br(’s) (@), (3.33)

r=1 s=11=0

where the coefficients are given by the Verlinde formula (2.13). It can be checked that
this coincides with (2.45), if the boundary condition corresponding to the fixed point
branching function is expressed as a linear combination of the two fixed point branching
fields according to (2.19).

With the introduction of two dangling variables per boundary weight, we are effectively
dealing with four boundary conditions, such that each eigenvector is fourfold degenerate.
For M double rows the modular parameter is

M .
g =exp2rit), ‘C:iﬁ sing, (3.34)

whereM/ N is the aspect ratio of the cylinder.
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4, Coset and superconformal boundary weights

In this section, we define the integrable coset boundary weights and integrable
superconformal boundary weights. Since it is not obvious from the construction of the
weights how to identify thér, s) labels of the fusion construction with thig s) labels in
the Kac tables, we have to make this identification from numerical data. In the sequel we
focus on right boundary weights. Since the left boundary weights are defined in the same
manner, we do not give the corresponding expressions here.

We first give the boundary weights corresponding to the branching funcﬁf{img),
which we will denote byB -0 (b 9 %|u). The starting weight is given by

Y1 Y0
B2 (bi

This weight gives the vacuum character of the above models and generalizes the vacuum
boundary condition of the unfusetdmodels [6] to fusion level 2. Itis the coset vacuum. We
use this boundary weight on the left of the double-row transfer matrix. Since the cylinder
partition function reduces to a single branching function, it is easy to identify labels of
boundary weights on the right with their corresponding Kac labels. It can be checked that
the(r, 1) weights obtained from the above starting weight correspond to the weights (6.32)
in [4].

As it turns out, the different boundary weights for different secfocerrespond to
different choices of the inhomogeneity parametefFor the crossing parameter fixed to
u = 2x, we have explicitly

u) = 64.10¢,10p 3- (4.2)

B(V,S,O) (ba o1 O I/t> — BZ,(I‘,S) (ba a1 o ‘ M,E = 5)\,/2> ,
c v Y c yi Yo
Brs.) (b“ %1 oo u> = B2+ (b“ o ‘ k= 3k/2> :
c y1 cn v
prs2 (b‘cl ;‘jl ;‘ig u> — B2(+25) <b‘C’ ;'il ;ﬁg‘ué =—K)- (4.2)
1 1

As explained before, the above weights are do not in fact depend on the dangling variables.
We emphasize that this construction yields coset boundary weights for the lattice model
with odd spin values. This is no restriction farodd, since the lattice model on the other
subgraphis identical. Far even, we observed that the above boundary weights cevitre
subgraph represestiperconformaboundary conditions! Since this phenomenon does not
occur form odd, we have to introduce the more general construction given above in order
to obtain superconformal boundary weights in this case as well.

The boundary weights realizing superconformal boundary conditions are denoted by

pX(9) <ba o1 050‘”)’ (4.3)
¢ Y1 Yo

whereX € {NS, f\f@, R} stands for the Neveu—Schwarz sector, Neveu—Schwarz tilda sector
or for the Ramond sector, respectively. The starting weight in the Neveu—Schwarz sector is
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given by

B(I)VS <bi‘u>

_[paro (e 1 1 A @10 (,c 1 1 A
_|:B (bc L 1m3)+B S /2. (4.4)

This weight is the superconformal vacuum. It satisfies the right reflection equation. This is
due to the fact that each summand satisfies the reflection equation by construction, and they
are both diagonal with different nonzero spin values. Therefore, the sum in the reflection
equation decouples into the two separate reflection equations. Géneyalype boundary
weights are obtained by, s)-fusion with inhomogeneity = 51/2. At the isotropic point

u = X/2, the above weight simplifies to

A
By'® (bi ‘ E) =h(84,18,185,3 + 84,38¢,385,1), (4.5)

wherer is a constant. The starting weight in the Neveu—Schwarz tilda sector is given by

Bévs (bCCl ‘ u>

_|parof,a 1 1 A\ _p@10(,a 1 1 A
_[B <bc L 1m—3) B S /2. (4.6)

General(r, s)-type boundary weights are obtained bys)-fusion with inhomogeneity
& =5)/2. The superconformal boundary weights in the Ramond sector are given by

Bclf <bccl u>

_|pero(,a 1 1 A @10 (,a 1 1 A
_|:B <bc L 1m—3)+B be 1 1ju5 /2. 4.7)

General(r, s)-type boundary weights are obtained bys)-fusion with inhomogeneity

& = 3)/2. These choices of the superconformal boundary weights correspond to the
relation between the branching functions and superconformal characters (2.36). The labels
(r, s) which appear are the superconformal labels in the Kac Table.

5. Numerical spectra

Here, we describe our numerical procedure which led to the identification of boundary
conditions presented in the previous chapter. We have tested our predictions for the models
A4 and As, separately for the coset boundary weights and superconformal boundary
weights.

We first remind that the conformal part of the finite size corrections top#édic
transfer matrices leads to superconformal torus partition functions. We confirasfor
and As the form (2.43) witha = 1/2 andb = 0, i.e. the partition sum is just the sum of
the square all branching functions. F&j, and generally ford; with L even, this is the
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sum of two identical theories. Fats, we observe that the conformal partition sum on the
odd subgraph is given by (2.43) with=1/4 andb = 1/2, whereas is given on the even
sublattice bya = 1/4 andb = —1/2. This indicates the presence of the trivial fixed point
field (corresponding té # 0) for each subgraph. As mentioned above, our construction
however does not yield a lattice realization of this boundary field.

For the coset boundary weights, which do not depend on dangling variables, we were
able to compute double row transfer matrices up to 16 facegifoand up to 11 faces
for As. Due to the introduction of dangling variables, double-row transfer matrices of
superconformal boundary weights generally can only be computed for much smaller lattice
sizes, typically up to 5 faces fots. For (r, 1) or (1,s) type superconformal boundary
weights, however, the situation can be improved, since the dependence on one dangling
variable is trivial and may be disregarded.

The A4 model, which has central charge= 7/10, can be related to the tricritical hard
square and tricritical Ising model. It can be alternatively realized as a unitary minimal
model from the (unfusedA—D-E lattice model A4. The corresponding conformal
boundary conditions have been given previously in [6]. The coset boundary conditions
agree with the conformal boundary conditions. This is related to the fact that, for this
model, the branching functions are just the Virasoro characters of the mad@i10).

The predictions from conformal field theory manifest themselves in the level spacings
and degeneracies of the double-row transfer matrix eigenvalues in the Nalgeit,
cf. (3.30). We have chosein= /2 such that the sine factor reduces to unity. For the
double-row transfer matrix at fusion levé?, 2), which is the case of interest for our
numerics, we achieved this by choosing the isotropic paint (1« — A)/2, in which case
D22(u) = D%3(u — A — u), and settinge = 2A.

First, we have computed double-row transfer matrices with the vacuum weight on the
left and a general boundary weight on the right. In this case, the cylinder partition function
reduces to a single character, according to the fusion rules (3.32). In order to check for
conformal dimension from given transfer matrix data, we computed reduced energies by
subtracting the contributions from the bulk free energy, from the boundary free energy and
from the central charge according to (3.30). We then plotted the largest reduced eigenvalue
of the transfer matrix againsy & and extrapolated the sequence of numberé te co. In
all cases, we obtained agreement with the theoretical valdenithin numerical accuracy.

The same method has been applied in order to test the exponents and degeneracies of
the eigenvalues of the double-row transfer matrix, which are given by the expansion of the
characters in powers @fin the largeN limit. As example, we extract the superconformal
vacuum character fof 4. It has a series expansion

Xff(CI) :q—7/240(1+q3/2+q2+q5/2+q3+2q7/2+2q4+2q9/2

+0(q°)). (5.1)
We have computed the double-row transfer matrix with superconformal vacuum weights
on the left and on the right up to 15 faces. (Note that the dependence of the boundary
weight on dangling variables is trivial.) A polynomial extrapolation of the first ten reduced
eigenvalues from lattice sizes 10 to 15No= cc yields the exponents shown in Table 1.

In order to test the predictions for fusion rules, we put different boundary weights to
the right and to the left and tested for the correct cylinder partition function by examining
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Table 1

Energy 1 2 3 4 5 6 7 8 9 10

Data 0.000 1.495 1.994 2.492 2.993 3.489 3.504 3.990 4.077 4.501
Theory 0 3 2 3 3 5 : 4 4 3

Table 2

Energy 1 2 3 4 5 6 7 8 9 10

Data 0.000 0.000 0.168 0.168 0.675 0.675 1.012 1.012 1.183 1.183
Theory 0 0 z 3 2 z 1 1 & &

the first ten eigenvectors of the double-row transfer matrix. In each case tested, we find
agreement between theory and prediction within numerical accuracy. We discuss a typical
example of the coset theory: the cylinder partition function of Algemodel with left and

right boundary weights of typ€, 3, 1) is given by (3.33)

0 0 0 0 0 0
Z@31)231 = 2(by) + by 5+ bLe+ by + by 3+ bSY) (5.2)

=7V (2+2¢"° + 24%P + 29+ 247/° + 4432 + 0(¢°?)). (5.3)

We have computed the double-row transfer matrix of this model up to 9 faces.
A polynomial extrapolation of the first ten reduced eigenvalues from lattice sizes 4 to 9
to N = oo yields the exponents shown in Table 2.

6. Conclusion

We have discussedl = 1 superconformal theories on the torus and on the cylinder and
derived a generalized Verlinde formula for the fusion coefficients. For the diagonal theories
classified by(A, A) graphs, we have given a lattice realization of the corresponding
superconformal boundary conditions, except for the trivial fixed point character. This can
be used to study superconformal bulk and boundary flows via TBA [19].

Using the methods introduced here, the nondiagonal theories can be investigated as well.
The correspondingA, G)-type theories, wheré& is of A—-D—E-type, may be obtained
by construction the integrablé—D—E-lattice models at fusion leveR, 2), together with
their superconformal boundary conditions. Whereas this is a straightforward generalization
of the methods presented here (see also [6,17]), it is not obvious how to obtain lattice
realizations of théD, A) and(D, E) theories.

Focusing on the coset construction, we have given the coset boundary conditions
corresponding to the branching functions, in the simplest case of the level (@)ocoset
models corresponding to th€ = 1 superconformal theories. As for the superconformal
fixed point field, this excludes a lattice realization of the resolved fixed point fields. The
above methods can be used to obtain integrable and conformal boundary conditions for
the coset models at fusion level higher than two [14] by an obvious generalization. Our
claim is that the corresponding coset boundary weights give a complete realization of coset
boundary conditions apart from fixed point fields.
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