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Abstract

We show how a lattice approach can be used to derive Thermodynamic Bethe Ansatz (TBA) equations describing all

excitations for boundary flows. The method is illustrated for a prototypical flow of the tricritical Ising model by considering
the continuum scaling limit of the 4 lattice model with integrable boundaries. Fixing the bulk weights to their critical values,
the integrable boundary weights admit two boundary figldsd», which play the role of the perturbing boundary fielgss

andg » inducing the renormalization group flow between boundary fixed points. The excitations are completely classified in
terms of (m, n) systems and quantum numbers but the string content changes by certain mechanisms along the flow. For our
prototypical example, we identify these mechanisms and the induced map between the relevant finitized Virasoro characters.

We also solve the boundary TBA equations numerically to determine the flows for the leading excitatROG2 Elsevier

Science B.V. All rights reserved.

1. Introduction

A problem of much current interest in Quantum
Field Theory (QFT) is the Renormalization Group
(RG) flow between different boundary fixed points of
a Conformal Field Theory (CFT) that remains confor-
mal in the bulk. Many boundary flows have been stud-
ied including [1,2] Lee—Yang, minimal models and
¢ =1 CFTs. In addition, approximate numerical scal-
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ing energies can be explored by use of the Truncated
Conformal Space Approach (TCSA) [3].

Inthis Letter, for boundary flows, we show how one
can derive exact TBA equations [4] for all excitations
from a lattice approach [5-8]. This has not been
possible in a field theory approach. We illustrate our
approach in the context of a prototypical boundary
flow of the Tricritical Ising Model (TIM) [9,10]
with central charge: = 7/10. This is an interesting
but relatively simple CFT with many applications
in statistical mechanics. Following Cardy [11], the
conformal boundary conditionB, s, of the TIM are
in one-to-one correspondence with the six primary
fields @5y = ¢u-r5-s) labelled by the Kac labels
(r,s) with r =1,2,3 ands = 1,2,3,4. The Kac
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A more complete account of the full set of six
integrable flows of the TIM, including the second flow
emanating from the31 » boundary condition, will
be given in a subsequent paper [13]. The approach
outlined here, however, is quite general and should
apply, for example, to all integrable boundary flows

r of minimal models [14].
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Fig. 1. Kac table of conformal weights, s = ((5r — 4\s)2 —1)/80

of the tricritical Ising model. We restrict to the lower half of the ta- . . .
ble with s = 1, 2 using the usual identificatio, s) = (4—r, 5—s). 2. Scaling of critical A4 model with boundary

The integrable flows between the six conformal boundary conditions fields
B, s) are shown schematically. The; 3) andg(s 2) flows are in-

dicated by solid and dotted arrows, respectively. We omit non-Cardy It is well known that the TIM is obtained as the
type boundary conditions. . . L .
continuum scaling limit of the generalized hard square
model of Baxter [15] on the Regime llI/IV critical

table of conformal weights\, ; is shown in Fig. 1. jine. This integrable lattice model is th RSOS lat-
Of the many possible flows on a cylinder between tice model of Andrews—Baxter—Forrester [16]. Specif-
boundary conditions(.y)|(-.s) (that is B.s) onthe jcally, in the presence of integrable boundaries, the

left and B,./y on the right) we only consider here  gcaling energies of the TIM are obtained [6] from
flows involving a non-trivial boundarg,.;) ontheleft  {he scaling limit of the eigenvalues of the commuting
with a fixed trivial boundaryB(i.1) on the right. For  gouple-row transfer matrice® () [17] of the A4 lat-
these conformal boundary conditions on the cylinder tice model withN faces in a row. It has been shown
we use the special notation by Behrend and Pearce [18] that at criticality there
exist integrable boundary conditions associated with
each conformal boundary conditign s) carrying 0, 1
In Fig. 1 the possible integrable flows [10] between or 2 arbitrary boundary fields, 5. In the present case
these conformal boundary conditions are shown sche-the boundariegl, 1) and(3, 1) admit no fields(2, 1)
matically. and(1, 2) admit a single field and(2, 2) admits two

In this Letter we will focus on the prototypical flow  boundary fieldg andrn. These boundary fields induce
obtained by perturbing th8; 2) boundary TIMbythe  theg1 3) andg(1 2) RG flows respectively so we iden-
relevant boundary operatof; 3 tify the thermal and magnetic boundary fields accord-

ingly

B,s) = Bers)|(1,0)-

uv = 8(1,2) = B(Z,l) = |R,

x1.20) = x21(9)- Ly STvas.  nreal D)
To consider boundary flows we must fix the bulk
at its critical point and vary the boundary fielgs
n. But paradoxically, it has been shown [6] that the
fields &, n are irrelevant in the sense that they do
not change the scaling energies¢ifand n are real
and restricted to appropriate intervals. Explicitly, the
cylinder partition functions obtained [6,18] from s)
integrable boundaries with, n real are independent

<2)1/4 sinZ- sin % of &, n and given by single Virasoro characters
8(@r,s) =

/sinZ sinZ Birs)=Birsiad:  Zeswn@) =xrs(@). (2.2)

5
. . . =1:v2:0:v20. (1.2 The reason for this is thgt in the lattice model the ﬂel_ds
sLy 8@y 82822 & g (12) & andn control the location of zeros on the real axis in
with ¢ = (1+ +/5)/2 the golden mean. the complex plane of the spectral paramatarthereas

This flow induces a map between Virasoro characters
xr.s(q) Of the theory, whereg is the modular parame-
ter. The physical direction of the flow from the ultravi-
olet (UV) to the infrared (IR) is given by the relevant
perturbations and is consistent with gh¢heorem [12]
which asserts that the boundary entropy is reduced un-
der the flowgir < guv. The boundary entropies are
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only the zeros in the scaling regime, a distahlog N
out from the real axis, contribute in the scaling limit
N — oo. The solution is to scale the imaginary part of
&,naslogN. Thisis allowed becaugg n are arbitrary
complex fields.

For our prototypical flow (1.1), following [6,18],
we consider a cylindrical lattice with th@, 1) bound-
ary on the right (with no boundary field) and tt& 1)
boundary on the left with boundary field . Explic-
itly, we now scal&; as

AT —& +logN

Re(§.) = > =5 5 ;
where ¢ is real. In terms of boundary weights, the
(1, 2) conformal boundary is reproduced in the limit
Im(&ér) — +oo whereas th€2, 1) conformal bound-
ary is reproduced in the limit 16§,) — O.

The scaling behaviour of thels lattice model
at the boundary fixed points is described by the
TBA equations of O’'Brien, Pearce and Warnaar [6]
(OPW). In this Letter we generalize their analysis
to include the scaling boundary field (2.3). This
parameter appears in the TBA equations only through
the boundary contributiog(u) in (6.3) of [6]. For the
flow (1.1), the scaling limit of this function in the first
analyticity strip—% < Reu) < 37’\ now becomes

Im(5L) = (2.3)

x+&

g’l(x,é) :Coth? (24)

with & - —oo andé — oo corresponding td 1 2
andB 2 1), respectively.

3. Classification and flow of excited states
B, B,
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The patterns of zeros are classified [6] by string
content and ordering. Let1 2 > 0 be the number of
1-strings in the upper half plane in strips 1 and 2 and
similarly n1 2 > 0 the number of 2-strings. Then for
the boundary fixed point8(1 2y andB(2,1), the string
contents are classified by tlia, n) systems

UV = B(1,2) (m1 0odd m3 even :

N+mo+o mi—o
ni1= f —my, n2= —ma2,
(3.1
IR =B2,1) (m1 0dd m> odo) :
N +m> mi1+1
n1= 2 —may, nz = 2 —ma,
(3.2)

where N is odd. In the UV there are two distinct
(m,n) systems labelled by = +1. In the scaling
limit N — oo, we haveni; ~ N/2 with m1, mp, np =

O (1). For given string content, the relative ordering
of 1- and 2-strings is given by the quantum numbers
11 where, for the 1-string", 1\" is the number of

two-strings whose Iocatiom,(” is larger (further from

the real axis) thary,i”. Labelling the strings so that
y,il_?_l > y,il), the quantum numbers must satisfy

nizl">0 > >1%>0. (3.3)

In B(1,2) with o = 1 there is a frozen 1-string, that

is, the 1-string furthest from the real axis in strip 1
is restricted to have no two-strings above it so that
I,flll) = 0. With these quantum numbers, the states are

uniquely labelled as

As in OPW, the scaling energies are classified by |g _ Bay:

the patterns of zeros of the eigenvalues of the double

row transfer matrixD (1) . In the complex: plane, they
are organized in two analyticity strips% < Re(w) <

2. and 2. < Re(u) < 4. For N sufficiently large,
there can be only simple zeros in the middle of each
strip (1-strings) or pairs of zeros located on the two

UVZB(]_,Z)Z
_ (100 02,0 e
I=("n° . P07 57 ...12),. (3.4)
D;0 O, e
=757 PR 57 . 19). (3.5)

In the scaling limit,n1 is infinite so in this limit
the corresponding strip 1 quantum numbers are un-
bounded.

Given the pattern of zeros, that is, the string content

borders of each strip, having the same imaginary part and quantum numbers at the boundary fixed points,

(2-strings). Because of crossing symmetry, all the ze-

the conformal dimensions or scaling energies of these

ros appear in complex conjugate pairs so the upper andstates are uniquely determined [6] by

lower half planes are related by reflection in the real
axis and this remains true for general values ofgdm.

uv = 8(1,2) :
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uv .
E=Aaz+n The mechanisms for the flow IR B 1) —
== n 4mCm _mi—me " Z Z I(’), B(1,2) = UV, as shown in Fig. 2, are
i=1.2 k=1,... '"’(3 6) A. The top 1-string in strip 2 flows tg-oo, decou-
IR=R3 . ) pling from the system whileny, n1 andns re-
T e IR main unchanged. This mechanism applies in the
E=A(2,1)+” IR when I = /2 = 0 and produces frozen
_r.1 + mCm + Z Z Ik(i), (3.7) states in the UV withy = 1 and1;. = 0.
16 2 4 1.2 k=1.. B. The top 2-string in strip 1 and the top 1-string

in strip 2 flow to +o00 and a 2-string comes in
from +o0 in strip 2 becoming the top 2-string.
C= < 21 —21) ) (3.8) C(;nsequently, eachj(.l) decreases by 1 and each
- (2)
1

From [6], we know that the above counting of states k
reproduces exactly the expected UV and IR characters
at the boundary fixed points but there must be some
mechanisms to change these classifications during the
flow.

wherem = (m1, m») and the Cartan matrix is

increases by 1. This mechanism applies in

the IR whenl? > 0 and 2 = 0 and produces
states in the UV withy = —1 and eithein,; =0

or 1,5122) > 0.

. The top 2-string in strip 2 flows te-oco and a 1-
string in strip 2 comes in from-co. Consequently,
eachI,fz) decreases by 1. This mechanism applies

inthe IR whenl,ﬁlzz) > 0 and produces states in the
For convenience, in this section only, we consider UV with o = —1 andl,ffz) —0.

the flow IR= B 1) — B2 = UV which is the
reverse of the physical flow (1.1). By simple counting Observe that these mappings are in fact one-to-one,
arguments, the eigenvalues of the double row transfer that the 1-strings in strip 1 are never involved in these
matrix have V + 4 zeros in the periodicity strip for  mechanisms and that the change in paritysof is
B(2.1) butonly 2V + 2 zeros for3(1 2. Thus precisely  consistent with (3.1) and (3.2)
two zeros, one in the upper half plane and one in the
lower half plane, must “flow off to infinity” during A, B: m3" :m'2R —1,
the flow. Indeed, from empirical observations based on - . uv

. : ) L o omV =mR 1 (3.9)
direct numerical diagonalization of small double row
transfer matrices we find just three mechanisms for The explicit mapping of the first 18 states is shown
changing the string content during the flow. These all in Table 1. The consistency and completeness of these
involve the farthest zeros (1 or 2 strings) from the real three mechanismsis demonstrated by the explicit map-
axis in the upper half plane and are well supported by ping between the finitized characters associated with
numerical analysis of the TBA equations in Section 5. the UV and IR fixed points. The situation here is very

Iéiilﬂgtli

3.1. Three mechanisms for changing string content

-[o-0-0--------
o-0-0 o

-[-0-0-0-------———-
- 0-® - @
-le-0o-0-0--—————-

- 0-® -9

L
T T T T T T
0 A 2\ 3\ 4 0 A 2\ 3\ 4 0 A 2M 3n 4
A B C

Fig. 2. The three mechanisms A, B, C, respectively, that change string content during tifgflgw—> 31 ). Note that this is the reverse of
the physical flow. These mechanisms are illustrated for the staté8{®,— (0)+; B, (1/0) — (0)—; C, (0001) > (000 00)_.



220 G. Feverati et al. / Physics Letters B 534 (2002) 216—-223

similar to the massless thermai 3 flow [8] from the o ((omSY my -1 n m -l
TIM to the critical Ising model and is best described q myV mV 1)
in terms of finitized Virasoro characters [19]. (3.12)

where the three terms correspond to the three mecha-
nisms A, B, C, respectively. This is confirmed by sim-

ple counting in the limity — 1 when the Gaussian
Finitized characters are the generating functions for polynomlals reduce to binomials. Here, = mUV

3.2. RG mapping between finitized characters

the scaling energies of the; model for finiteM x N R does not change under the flow. Assumlng (3.6),
lattices: (3 7) and mechanisms A, B, C hold for al we
Ny —c)24 £ can uniquely mapg £ EVY qt ER , energy level by en-
Xrs (@) =4 Zq ergy level. In effect, this means we replag§¥ with
R using (3.9) and the energies at the base of each
B q_c/24Tr<D(N)(u)>M/2 (3.10) Gaussmn tower change according to

D(()N) (u) , A q%mUVCmUV %(ml mgv)
where the modular parameteyjis= exp(—m sin(5u) x N qlm'RCm ;, (3.13)
M/N) and D(()N)(u) is the largest eigenvalue of the LUV UV 1 oV

N . B: g Cm=Y 45 (my+m3")

double-row transfer matri®™’ () with (r, s) bound- q
ary conditions. The finitized characters involve Gaus- g 4m'RCm'R—%qml (3.14)
sian polynomials which satisfy a recursion used re-
peatedly below c: q%mUVCmUVJr (m1—m3V)

IRomR_ 1 IR

igM2 . (3.15)

Putting all this together we obtain the desired mapping
between finitized characters

n| |n-1 mln—1 L R IR
|:m:|—|:m_1:|+q |: m i| (311) X(lz)(q)l_)q—ﬂ-‘rfe—z Z qu Cm

my, m

|—>q4"’

["0]- 5 3 e

=0 I»=0 1,,=0

Let us return to the map induced by the physical

flow UV = B2 — Bz1) = IR. We can write the N+M'R—2
UV-finitized character as x m1 _
—L4d N+m'Rf
i b
el mi 2 =
X Z gam? em® =g mmnY) o[ N 7yl
)
mi mz
uv uv
mi+ng — 05,1 ms +n2 ) Ntm!R
8 [ mi —3q,1 } |: mV = q—z%;+1—7s—% Z q%m'RCm'R [ > i|
mi
= 72l7 % ml,mlzR
- ImW emWY my—1 r [ =l
Cm 2 my 2
<2 0 X([m'zR—J+q [m )
" m2 = q72_;1+%37§
N+m§V -1 mi=1 IR +1
x 1 g=2(m=—m3") [722 } [ av} » Z g mRem® Ny —’"12|R
L= 1 2 mi m2
1 ovy [ N+mY -1 my,mg
zlmi—mz") | ——>5— (N)
i [ m1 i| = X, 1)(4)' (3.16)
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Table 1

Explicit mapping of states in the order of increasing energy for the first 18 energy levels, mheteV = »'R

(3.6) and (3.7). For some higher leveldY =

221

is the excitation level as in

Mapping of states and mechanism

Mapping of states and mechanism

0+ ~ (00
(0)- — (110
D-~ (210
(2)- — (310
(000 ~ (0000
(000,00)_ + (0001)
(3- ~ (40
(100 + + (1000)
(10000)_ ~ (1001)

ORADMDNWWNRO|S
O>WWO>HOHE>

4_ — (50 B
(1104  (1100)
(2004 — (2000)

(11000)_ + (1101)

(20000)_ + (2001)

(5)- — (6|0
(000_ > (111/0)
(2104 > (2100)
(300 + — (3000)

oo 0o a|s
>T>TOmDWO0>>

4. Boundary TBA equations B1,2) — B2,1

The derivation of TBA equations is a straightfor-
ward extension of OPW to include tiiedependent
boundary term (2.4). The TBA equations are

@

y — X
e1(x) = —loggi(x. ) — ZIogtanf( )
j=1
— K xlog(1—e™2™), (4.1)
@ _
er(x) = Z log tanl—( )
— K Iog( — e 1), (4.2)

where x denotes convolution, the kernel Ié(x)
1/(27 coshy) and the auxiliary varlableyk denote
the scaled location of the 1-strings in strigBimilarly,

the scaling energieB (§) are

c 1 .
E(®) — ;= lim RE(R)
TR

my
|:Z = ;1) /—e‘xlog _EZ(X))j|’

4.3)
where the limitR — 0 means that all these compu-
tations are performed at the critical temperature of
the TIM. For the lowest leveE (¢) interpolates be-
tween the conformal weightd = 1/10 and 716 at
the boundary fixed points.

As in OPW the auxiliary varlables(’) are deter-
mined by a set of auxiliary equations determining the
locations of the 1-strings

€2<y;l) %) = n&l)in, 1-strings in strip 1 (4.4)

61<y,£2) z%) = n,(cz)m 1-strings in strip 2 (4.5)
where n(’) are given in the IR by thejuantization
condltlons
A0 = 2w+ 1) 1

i=12...,m, (4.6)
n,((z) = Z(mz —k+ 1152)) +1—my,

k=12,.. (4.7)

The mtegersn() can change during the flow due to
winding of phases. The appropriate form in the UV
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is given in OPW. Observe that the boundary fi€ld
appears explicitly only in the functiogy .

The 2-strings do not appear in the TBA equations.
However, they are involved in mechanisms B and C.
To follow the movement of 2-strings along the flow we
note that their locations.’’ satisfy the same equations

N

(4.4), (4.5) with the substitution”’ — z\” and the
appropriate choice of the quantum numbers. We note
that in general, and in particular for the TIM, it
remains an open problem in this approach to obtain
the g-function flow [1,20] that interpolates between

the boundary entropies (1.2) at the fixed points.

5. Numerical analysis of the RG flow
B,2 = B,

The TBA equations of the previous section can
be solved numerically by an iterative procedure but
there are some subtleties. The process starts with
an initial guess, for the pseudoenergégse) and 1-
string locations, close to the UV or IR fixed points.
The flow is followed by progressively incrementing
or decrementing the boundary fiedd At each value
of &, the TBA equations are used to update the
pseudoenergieg; (x) and then these are used in
the auxiliary equations to update the locations of
the 1-strings, and so on, until a stable solution is
reached. In our preliminary numerical study we have
considered all the states with < 7 as shown in Fig. 3.
The corresponding mappings of UV and IR quantum
numbers and the mechanisms responsible are listed in
Table 1. These flows, and, in particular, the behaviour
of the 1- and 2-strings, confirm the mechanisms A, B,
C.

The most important new feature of the numerics is
the existence, due to the term (2.4), of a pole at —&
which marches through the center of the analyticity
strip 1 as¢ is varied. This leads to some inherent nu-
merical instabilities as the pole successively encoun-
ters the 1-string locations in strip 1. A second numeri-
cal problem is related to the determination of the lo-
cation of the 1-strings in strip 2. This problem was
previously encountered in [8] and arises becaygl—:-
cannot be obtained by direct iteration of the auxiliary
equation. It is partially solved here using two different
schemes:

E(¢)

G. Feverati et al. / Physics Letters B 534 (2002) 216-223

0
-10

X1.2(9)

13 X2,1(q)

Fig. 3. The flow of scaling energie£(§) between theB (1 »)

and B(2,1) boundary fixed points as obtained by the numerical
solution of the TBA equations. Only scaling energies with< 7

are shown as in Table 1. The indicated degeneracies in the
UV (left) and IR (right) are consistent with the degeneracies of the
Virasoro characters(y 2(q) = x1/10(q) and x2,1(q) = x7/16(q),
respectively.

2).
1. -

2. Inverting the boundary term that contaﬁrﬁ> —£.

Inverting certain phases containmﬁ)

The first method, used with success in [6], can be
sensitive to errors in the location @ﬁl). The second

method tieSy,gz) to & soitis generally less sensitive to

errors in y}l) . Usually both schemes converge to the
same results but in some regions we find one scheme
converges where the other fails.
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