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Abstract

A framework is presented to extend the finitized characters and recursion methods of (off-c
corner transfer matrices (CTMs), in a self-consistent fashion, to the calculation of CFT charact
conformal partition functions. More specifically, in this paper we considers�(2) minimal conformal
field theories on a cylinder from a lattice perspective. We argue that a general energy-pre
bijection exists between the one-dimensional configuration paths of theAL restricted solid-on-solid
(RSOS) lattice models and the eigenstates of their double row transfer matrices and exh
bijection for the critical and tricritical Ising models in the vacuum sector. To each allowed
dimensional configuration path we associate a physical state and a monomial in a finite fer
algebra. The orthonormal states produced by the action of these monomials on the primar
|h〉 generate finite Virasoro modules with dimensions given by the finitized Virasoro char

χ
(N)
h

(q). These finitized characters are the generating functions for the double row transfer
spectra of the critical RSOS models. We also propose a general level-by-level algorithm to
matrix representations of the Virasoro generators and chiral vertex operators (CVOs). The alg
employs a distinguished basis which we call theL1-basis. Our results extend toZL−1 parafermion
models by duality.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Over the last two decades there has been much progress in understanding th
connections between conformal field theory (CFT) [1,2] and integrable lattice mode
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but some intriguing mysteries remain. Within the framework of Baxter’s corner tra
matrices (CTMs), for example, it is well known that the one-dimensional configur
sums generate conformal characters in the thermodynamic limit. But conceptually
not well understood. For the fundamental example of the solvable ABF models [4
one-dimensional configuration sums are

(1.1)X
(N)
abc (q)=

∑
{σ }
qH(σj−1,σj ,σj+1), σ0 = a, σN = b, σN+1 = c,

where H(σj−1, σj , σj+1) = 1
2|σj−1 − σj+1| is a local energy and the sum is ov

all pathsσ = {σ0, σ1, . . . , σN+1} with σj ∈ {1,2, . . . ,L} and σj − σj+1 = ±1. In the
thermodynamic limit these one-dimensional configuration sumsformally yield thes�(2)
minimal Virasoro characters

(1.2)qc/24−hr,s χr,s(q)= lim
N→∞X

(N)
s,r,r+1(q).

Baxter’s celebrated CTM formalism [3] was originally proposed as a metho
calculate local one-point functions for off-critical solvable lattice models. But with
appealing description of the character generating functions in terms of a local e
along paths, the one-dimensional configuration sums have also proved to be a use
within CFT for studying characters. In particular, they provide natural finitizations o
characters as well as mathematically powerful recursion relations between the fin
characters. These have played an important role, for example, in the study of the fer
forms [5] of various characters which have led to many recent developments [6,7].
the CFT point of view, however, the CTM formalism suffers from certain shortcom
and inherent inconsistencies. First, the formalism is limited to special boundary cond
(dictated by off-critical groundstates) and does not extend to periodic and other con
boundary conditions. Second, the CTMs refer to off-critical lattice models whic
not exhibit conformal symmetry. Moreover, an appropriate Yang–Baxter integrabl
critical regime that correctly reproduces the characters may not even exist. In th
of the ABF models, both regimes III and IV are adjacent to the relevant critical
but only the regime III one-dimensional configuration sums correctly yield the Vira
characters [8,9]. But even more serious is the fact that, in the off-critical lattice mo
the parameterq is the elliptic nome measuring the departure-from-criticality which
entirely unrelated to any modular parameterq . Consequently, there is no relation betwe
the formally identifiedparametersq appearing on the left- and right-hand sides of the
relation (1.2) which embodies thecorrespondence principleof the Kyoto school [8].

In this paper we remove these shortcomings and inconsistencies by buildi
work [10] on a fermionic interpretation of Baxter’s corner transfer matrix (CTM) pa
In the context of thes�(2) minimal models, we show that the same paths, the same
energy, the same finitized characters and the same recursion relations can all be o
in a self-consistent fashion, by working withcritical double-row transfer matrices wit
modular parameter(

M
)

(1.3)q = exp −π sin(Lu)
N

,
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whereM/N is the lattice aspect ratio andu is the spectral parameter. Our lattice appro
naturally leads us to take steps towards a fermionization of the minimal CFTs. In its p
form our formalism is somewhat cumbersome and we do not suggest it should repla
usual bosonic Coulomb gas methods for practical calculations. However, since the m
models (with the exception of the Ising model) do not contain fermionic fields, we
that the existence of a consistent fermionization is significant especially in the light
known fermionic forms for the characters.

The layout of this paper is as follows. In Section 2, we define the critical RSOS m
and their double-row transfer matrices. We also recall their relation to the minima
parafermion CFTs. The bijection between the one-dimensional RSOS configuration
and eigenstates of the critical RSOS double row transfer matrices is exhibited f
critical and tricritical Ising models in Section 3. In Section 4, we introduce fermi
algebras. We give the relation between physical states and fermionic paths and
fermionic states and finite Virasoro modules. As a by-product of our considera
we present in Section 5 a general level-by-level algorithm to build explicit m
representations of the Virasoro generators and chiral vertex operators (CVOs) in a b
fermionic paths. These concrete matrix representations will be useful in further deve
a lattice approach to studying CFT. We conclude in Section 7 with a discussion of
questions for further research. An expanded version of this work containing more exa
of building matrix representations for the critical Ising, tricritical Ising, 3-state Potts
Yang–Lee theories on a cylinder can be found on the archives [11].

2. Critical RSOS models and conformal field theory

2.1. Critical RSOS models and double row transfer matrices

The criticalAL RSOS models [4] are exactly solvable models [3] on the square la
The Boltzmann weights associated to the elementary faces are

(2.1)W

(
d c

a b
u

)
=
a b

cd

u = sin(λ− u)

sinλ
δa,c + sinu

sinλ

√
SaSc

SbSd
δb,d,

where the heightsa, b, c, d ∈ {1,2, . . . ,L} andu is the spectral parameter. The cross
parameter isλ = (p−p′)π

p
with p,p′ coprime andp′ < p = L + 1. The crossing factor

areSa = sinaλ and the weights vanish if the heights on any edge do not differ by±1. For
unitary models (p′ = p − 1), these Boltzmann weights are all nonnegative whereas
nonunitarymodels (p′ <p− 1), some of these weights are negative.

Since the RSOS face weights satisfy the Yang–Baxter equation (YBE), these m
are integrable for arbitrary complexu using commuting transfer matrix methods [3].
work on a strip or cylinder, with specified boundary conditions(rL, sL) on the left and
(rR, sR) on the right edges, it is necessary to introduce [12] double row transfer ma

In this paper we will consider just the subset of boundary conditions with(rL, sL)= (r,1)
and(rR, sR)= (1, s). We call these(r, s) type boundary conditions. With(r, s) boundary
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conditions, the double row transfer matrices are represented diagrammatically by

(2.2)

D(u)σ,σ ′ =
∑

τ0,...,τN

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

r r σ1 σ2 σN−1 s s

r r σ ′
1 σ ′

2 σ ′
N−1 s s

τ0 τ1 τ2 τN−1 τN

u u u

λ− u λ− u λ− u

λ−u u

. . . .

. . . .

. . . .

. . . .

For integrability, the triangle boundary weights on the left and right must satisfy
boundary Yang–Baxter equation (BYBE). For each conformal boundary condition(rL, sL)

or (rR, sR) on an edge, there is a corresponding integrable boundary condition [13]
by a set of triangle boundary weights satisfying the BYBE. For(r, s) type boundary
conditions, the partition functions satisfyZ(1,1)|(r,s) = Z(r,1)|(1,s). In the vacuum secto
(rL, sL) = (rR, sR) = (1,1), the triangle boundary weights vanish unlessτ0 = τN = 2
so the triangle boundary weights can simply be removed leaving the heights alter
between 1 and 2 on the left and right edges of the strip.

For boundary conditions of(r, s) type, the double row transfer matricesD(u)
form a commuting family[D(u),D(v)] = 0. Consequently, they can be simultaneou
diagonalized by the orthogonal matrix of eigenstates which are independent ofu. For a
suitable choice of parameters, the double row transfer matrices are real symmet
positive definite. The actual form of the eigenstates changes under an orthogonal
of basis. Nevertheless, these eigenstates are characterized by their associated eig
D(u)which areindependentof the choice of basis. These eigenvalues in turn can be stu
analytically by Yang–Baxter techniques and are classified according to their patte
zeros in the complexu-plane. Consequently, we can use the patterns of zeros to lab
eigenstates.

The AL RSOS models exhibit two distinct physical regimes. If 0< u < λ, the
continuum scaling limit realizes thes�(2)minimal models. Otherwise, ifλ−π/2< u < 0,
the continuum scaling limit realizes theZL−1 parafermions. The conformal data is obtain
from the finite-size corrections to the eigenvalues of the double row transfer matric
making contact with CFT, the spectral parameter is usually specialized to itsisotropic
value,u= λ/2 for minimal models andu= −λ for ZL−1 parafermions.

2.2. Minimal models andZk parafermions

Thes�(2) minimal models [1]M(p′,p) with p,p′ coprime have central charges

′ 2
(2.3)c= 1− 6(p− p )

pp′ .
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The conformal weights are

(2.4)

h= hr,s = (rp − sp′)2 − (p−p′)2

4pp′ , r = 1,2, . . . , p′ − 1; s = 1,2, . . . , p− 1

and the Virasoro characters are

(2.5)χh(q)= q−c/24+h

(q)∞

∞∑
k=−∞

(
qk(kpp

′+rp−sp′) − q(kp+s)(kp′+r)),
where

(2.6)(q)n =
n∏
k=1

(
1− qk

)
.

The minimal models are unitary ifp − p′ = ±1. We consider only the diagonalA-type
series withp′ < p. The critical IsingM(3,4), tricritical Ising M(4,5) and Yang–Lee
theoriesM(2,5) are the prototypical examples.

Thes�(2) Zk parafermion models [14] have central charges

(2.7)c= 2(k− 1)

k + 2
, k = 2,3, . . . .

We consider only the diagonalA-type series. TheZ3 or hard hexagon model [3,15] is th
prototypical example. The hard hexagon model is in the universality class of the 3
Potts model so we refer to this as the 3-state Potts CFT. Generally, the characters oZk

models are string functions but, for theZ3 model, these are easily related to the Viras
characters of theM(5,6)model.

The minimal andZk parafermion models are rational and admit a finite numbe
primary fieldsφ(z)= φ(h)(z). These theories arise from the continuum scaling limit of
AL RSOS models withL= p− 1 andL= k + 1, respectively.

2.3. Virasoro algebra and Virasoro states

The Virasoro algebra

(2.8)Vir = 〈Ln,n ∈ Z〉
is an infinite-dimensional complex Lie algebra associated with conformal symmetry
generatorsLn satisfy the commutation relations

(2.9)[Ln,Lm] = (n−m)Ln+m + c

12
n
(
n2 − 1

)
δn,−m,

where the central elementc is the central charge. The Virasoro generators are the m
of the energy–momentum tensor∑ −n−2
 (2.10)T (z)=

n∈Z

Lnz .
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On a cylinder with prescribed boundary conditions, which is the case of primary co
here, there is just one copy of the Virasoro algebra. For bulk theories on the torus, ho
there is a second copyVir of Virasoro which is the antiholomorphic counterpart.

For rational CFTs, the Hilbert spaceH of states on which Vir acts is natural
decomposed into a finite direct sum of irreducible highest weight representations (Vi
modules)

(2.11)H =
⊕
h

Vh,

where the sum is over the conformal weightsh of the primary fieldsφ(z)= φ(h)(z). The
vacuum|0〉 and primary (highest weight) states|h〉 are characterized by

(2.12)L0|h〉 = h|h〉, Ln|0〉 = 0, n� −1; Ln|h〉 = 0, n > 0.

Moreover, there is a one-to-one correspondence between primary fields and primar
induced by

(2.13)lim
z→0

φ(h)(z)|0〉 = |h〉.

The vacuum state|0〉 with h= 0 corresponds to the identity operator.
The generically reducible highest weight representation of Vir (Verma module) i

linear span of Virasoro states in the canonical form

(2.14)L−nj L−nj−1 · · ·L−n1 |h〉, nj � nj−1 � · · · � n1 � 1.

If its maximal proper submodule is quotiented out, we are led to the irreducible Vira
moduleVh = Vc,h and the states (2.14) are no longer linearly independent due t
existence of null vectors. The generic Virasoro module in theh= 0 vacuum sector is show
in Fig. 1. Typically, for givenc andh, some states at a given level enter in a vanishing n
trivial linear combination that is the null vector. Surprisingly, it seems that a comple
of linearly independent Virasoro states is not known even for the Ising model, althoug
known [16] for the Yang–Lee theoryM(2,5) and the whole familyM(2,2n+ 3), n� 1.

With reference to the vectors (2.14), the moduleVh is graded according to the level

(2.15)Vh =
∞⊕
�=0

Vh,�, �=
j∑
i=1

ni .

The Virasoro characterχh(q), which is the generating function for the spectrum of
Virasoro moduleVh, is

(2.16)χh(q)= TrVh q
L0−c/24 = q−c/24+h

∞∑
�=0

d�q
�, d� � 0,
whereq is the modular parameter and the degeneracyd� = dh� = dimVh,� is the dimension
of the space of states at level�.
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1 |0〉
0 –

q2 L−2|0〉
q3 L−3|0〉

2q4 L−4|0〉 L2−2|0〉
2q5 L−5|0〉 L−3L−2|0〉
4q6 L−6|0〉 L−4L−2|0〉 L2−3|0〉 L3−2|0〉
4q7 L−7|0〉 L−5L−2|0〉 L−4L−3|0〉 L−3L

2−2|0〉
7q8 L−8|0〉 L−6L−2|0〉 L−5L−3|0〉 L2−4|0〉

L−4L
2−2|0〉 L2−3L−2|0〉 L4−2|0〉

8q9 . . . . . . . . . . . .

12q10 . . . . . . . . . . . .

Fig. 1. Virasoro moduleV0 of Virasoro states in the vacuumh = 0 sector. The generic Virasoro character
χ0(q)=

∏∞
n=2(1− qn)−1 = 1+ q2 + q3 + 2q4 + 2q5 + 4q6 + 4q7 + 7q8 + 8q9 + 12q10 + · · ·. In this sector,

there is a null vectorL−1|0〉 = 0 at level�= 1. For the minimal theoriesM(p′,p), further null vectors appea
For example, for the Ising modelM(3,4), there is one null vector at level 6 and 7 and two at level 8. ForM(4,5),
the first null vector enters at level 12.

3. Bijections of paths and strings

In this section we discuss the bijection between the fermionic paths and eigen
of the critical RSOS double row transfer matrices. More specifically, we exhib
energy preserving bijection between the RSOS paths and patterns of zeros clas
the eigenvalues of the double row transfer matrices. We use the work of Warnaa
to further establish a bijection with fermionic particles. Although they are equi-nume
the fermionic RSOS paths that label the eigenstates of the transfer matrices are
same as the RSOS paths on which the transfer matrices act. Theses states can
related by a complicated orthogonal transformation. It also needs to be emphasized
bijection is between the fermionic RSOS paths and the patterns of zeros of the eigen
of the double row transfer matricesD(u). Within the framework of the usual Bethe ansa
a separate bijection exists [17] between the RSOS paths and the rigged configu
related to the patterns of zeros of Baxter’s auxiliary matrixQ(u).

Although we assert that our bijections are general, we content ourselves her
illustrating the bijections in the vacuumh = 0 sectors of the unitary minimal models.
these cases the classification of eigenstates of the double row transfer matrices a
accompanying patterns of zeros are completely known [18] in terms of(m,n)-systems
[9,19]. The full details of the bijections for the unitary minimal models in all(r, s) sectors
and with periodic boundary conditions will be given elsewhere [20]. In the case of pe
boundaries, there are two copies of the Virasoro algebra and the states are labeled
RSOS paths. In the plane of the complex spectral parameteru, these come from the distin
patterns of zeros in the upper and lower half-planes corresponding respectively to th
and right-chiral halves. On the cylinder, the complex conjugation symmetry ensure

the patterns of zeros in the upper and lower half-planes are the same so there is only one
RSOS path and one copy of the Virasoro algebra.
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3.1. One-dimensional configuration sums

Consider theN -step configuration paths{σ } of theAL RSOS models [4] as shown
Figs. 2 and 3 withσj ∈ {1,2,3, . . . ,L} andσj+1 − σj = ±1. In this context, applying
conformal boundary conditions of(r, s) type means thatσ0 = s, σN = r andσN+1 = r + 1
wheres = 1,2, . . . ,L and r = 1,2, . . . ,L − 1. Alternatively, we can work with infinite
paths which start ats and afterN steps alternate between heightsr andr + 1. Allowing
for theZ2 height reversal symmetry, there are1

2L(L− 1) distinct boundary conditions o
sectors. In the case of the unitary minimal modelsM(L,L+ 1), these are in one-to-on

s = 1 r = 11

2

3

4

0 1 2 3 4 5 6 7 8
�
�
�
�
�
��

�
�
��

��
�
�
��

�
. . . . .

. . . . .

. . . . .. . . . .

. . . . .

. . . . .

Fig. 2. TheN = 8 step RSOS configurational pathσ = {1,2,3,4,3,2,3,2,1} in the vacuum(r, s)= (1,1) sector
of the tricritical Ising modelM(4,5). The energy of this path isE(σ)= 1

2(1+ 2+ 4+ 7)= 7. The groundstate
vacuum path|0〉 is shown dotted.

(a)
1

.

.

.

s

1

2

.

.

.

r

0 . . . r − s . . . N

�
�
�
�
�
��

��
��

��
��

��
�

(b)
1

2

3

.

.

.

s

0 . . . s − r . . . N
1

.

.

.

r

�
�
�
�
�
��

��
��

��
��

��
��

�

Fig. 3. TheN -step pathσh associated with the primary state|h〉 of the(r, s) sector for (a)s � r and (b)s > r . The

parity ofN is fixed byN = |r − s|mod 2. Sectors of type (a) and (b) are related by theZ2 Kac table symmetry
(r, s)≡ (L− r,L+ 1− s) under height reversal.
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correspondence with the primary operatorsφ(h)(z)with conformal weights in the Kac tabl

(3.1)

h= hr,s = hL−r,L+1−s = ((L+ 1)r −Ls)2 − 1

4L(L+ 1)
, 1 � r �L− 1, 1 � s � L.

These RSOS paths were first introduced in the context of the corner transfer m
(CTMs) for the off-critical RSOS models but here we use these same paths at crit
to classify the eigenstates of the critical RSOS double row transfer matrices. Each
associated with a state|σ 〉 with configurational energy

(3.2)E(σ)= 1

2

N∑
j=1

jH(σj−1, σj , σj+1).

For the unitary minimal modelsM(L,L+ 1) the elementary local excitation energy is

(3.3)H(σj−1, σj , σj+1)= 1

2
|σj−1 − σj+1| =

{
0, σj+1 = σj−1,

1, σj+1 − σj−1 = ±2.

This description originates with the off-critical RSOS models in regime III withq the
elliptic modulus but here we apply it to the regime III/IV critical RSOS models witq
the modular parameter. The vacuum or groundstate|0〉 with zero energy is the path th
alternates between heights 1 and 2. In the(r, s) sector, the primary or reference sta
|h〉 is the pathσh with lowest energy as shown in Fig. 3. The(r, s) sector is associate
with the Virasoro moduleVh with h = hr,s . Specifically, the finitized Virasoro characte
χ
(N)
r,s (q)= χ

(N)
h (q) approach the corresponding Virasoro characters in the limitN → ∞

with N = |r − s|mod2

(3.4)χ
(N)
h (q) := q−c/24+h∑

{σ }
qE(σ)−E(σh) → χh(q), N → ∞.

3.2. Critical Ising model

The central charge of the critical IsingM(3,4) model isc = 1/2. Let us consider th
vacuum sector with boundary condition(r, s)= (1,1) andh= 0. The excitation energie
are given by the scaling limit of the eigenvaluesD(u) of the double-row transfer matri
D(u). The eigenvaluesD(u) are classified [18] according to their zeros in the comp
u-plane falling in or on the boundary of the single analyticity strip

(3.5)−λ
2
<Re(u) <

3λ

2
,

whereλ = π/4 is the crossing parameter. For finiteN , the low lying excitations contai
1-strings (zeros in the middle of the strip) and 2-strings (pairs of zeros at the ed
the strip with the same imaginary part). By complex conjugation symmetry, the pa

of zeros in the upper and lower half-planes are the same so we only consider the upper
half-plane. It is found that if the number of 1-strings in the upper half-plane ism and the
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number of 2-strings isn then this string content satisfies the simple(m,n)-system

(3.6)m+ n= N

2
,

wherem andN are even.
The lowest or groundstate energyE = 0 occurs form = 0. Among excitations with

given string content, the lowest energyE = m2/2 occurs when all of the 1-strings a
further from the real axis than all of the 2-strings. Moreover, for given string con
it is found that all patterns of zeros obtained by permuting the vertical positions o
1- and 2-strings actually occur among the eigenvalues. Each time the position of ad
1- and 2-strings is interchanged the energy is increased by one unit. It follows [18] th
spectrum generating function is given by the finitized character

χ
(N)
0 (q) = q−c/24

∑
E

qE = q−c/24
∑

m=0,2,4,...

qm
2/2
[
N/2

m

]
q

(3.7)→ q−c/24
∑

m=0,2,4,...

qm
2/2

(q)m
= χ0(q),

where theq-binomials are

(3.8)

[
m+ n

m

]
q

=
{

(q)m+n
(q)m(q)n

, m,n� 0,

0, otherwise

with (q)n given by (2.6) and(q)0 = 1.

3.3. Tricritical Ising model

The central charge of the tricritical IsingM(4,5) model is c = 7/10. Again let
us consider the vacuum sector with boundary condition(r, s) = (1,1) and h = 0. In
classifying [18] the eigenvaluesD(u) of the double-row transfer matrixD(u) there are
now two relevant analyticity strips in the complexu-plane

(3.9)(1) −λ
2
<Re(u) <

3λ

2
, (2) 2λ <Re(u) < 4λ,

where the crossing parameter isλ= π/5. The excitations are again classified by the str
content in the upper halfu-plane

mi = {number of 1-strings in stripi = 1,2},
(3.10)ni = {number of 2-strings in stripi = 1,2},

wherem1,m2 andN are even and satisfy the(m,n) system

(3.11)m1 + n1 = N +m2

2
, m2 + n2 = m1

2
.

The groundstate energyE = 0 now corresponds tom1 =m2 = 0. For excitations with
given string content(m,n), the lowest energyE = (m2

1 −m1m2 + m2
2)/2 occurs when,
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in both strips 1 and 2, all of the 1-strings are further out from the real axis than all o
2-strings in the strip. Bringing the location of a 1-string, in either strip 1 or 2, closer t
real axis by interchanging its location with an adjacent 2-string increments the exc
energyE by one unit. It thus follows [18] that the spectrum generating function is g
by the finitized character

χ
(N)
0 (q) = q−c/24

∑
m1,m2=0,2,4,...

q(m
2
1−m1m2+m2

2)/2
[
(N +m2)/2

m1

]
q

[
m1/2

m2

]
q

(3.12)→ q−c/24
∑

m1,m2=0,2,4,...

q(m
2
1−m1m2+m2

2)/2

(q)m1

[
m1/2

m2

]
q

= χ0(q).

3.4. Unitary minimal models

The critical and tricritical Ising models are the first two in theAL series of unitary
minimal modelsM(L,L+ 1). Again considering the(r, s) = (1,1) vacuum sector with
h = 0, the eigenvalues of the double row transfer matrices can be classified [20]
number of 1-stringsmi and the number of 2-stringsni in L− 2 analyticity strips. Thes
must satisfy the(m,n) system [9,19]

(3.13)m + n = 1

2
(Ne1 +Am),

whereA is the adjacency matrix ofAL−2, C = 2I − A is the Cartan matrix ande1 =
(1,0, . . . ,0). Herem, n ande1 are(L− 2)-dimensional vectors and eachmi andN must
be even. The finitized characters, generalizing (3.7) and (3.12), are [9,19]

χ
(N)
0 (q) = q−c/24

∑
(m,n)

q
1
4mCm

L−2∏
i=1

[
mi + ni

mi

]
q

(3.14)→ q−c/24
∑

mi=0,2,4,...

q
1
4mCm

(q)m1

L−2∏
i=2

[
mi + ni

mi

]
q

= χ0(q).

These finite characters agree precisely with the finitized characters (3.4) and they rep
the correct counting of states withq = 1. The limiting forms of these characters, howev
differ fundamentally from (2.5) because the coefficients in theq-series (3.7), (3.12) an
(3.14) are manifestly nonnegative. For this reason these forms are calledfermionic[5] in
contrast to thebosonicform (2.5).

3.5. Energy-preserving bijection

Since the energy spectrum generating functions for the paths and strings coin
is natural to expect an energy-preserving bijection between the two descriptions
states. Given an RSOS path, Warnaar [10] has given a detailed prescription to extr

fermionic particle content. There areL−1 types of particles. A particle of typei at position
j corresponds to a peak in the RSOS path at heighti above the baseline as shown in Fig. 4.
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Fig. 4. A typicalA4 RSOS path ofN = 18 steps decomposed into a series of overlapping peaks by draw
a sequence of horizontal baselines following the prescription of Warnaar [10]. This prescription reveals p
of type 1, 2, 1, 3, 2 at positionsj = 1,4,6,11,15 respectively and a particle contentn1 = 2, n2 = 2, n3 = 1.
A particle of typei has a peaki units above the baseline and a width (at the baseline) of 2i.

(a)

1 2 3 4
0

1

2

3

4

5

6

7

8

(1) (2)

↔

� �

� �

� �

�

�

�

�

�
�

�
�
�
�
�

�
�
�
�

�
�

�
�
�
�

�

(b)

1 2 3 4
0

1

2

3

4

5

6

7

8

� �

�

�

�

�

�

�

(1) (2)

↔

�

� �

� �

�

�
�

�
�
�
�
�
�
�

�
�
�
�

�
�

�
�

�

Fig. 5. Bijection of tricritical Ising RSOS paths and strings. The RSOS paths (rotated 90◦ clockwise) are shown
on the left and the strips (1) and (2) containing 1- and 2-strings in the upper-half complexu-plane are shown

on the right. The string (particle) content is (a)m1 = 2, n1 = 2, m2 = 0, n2 = 1, n3 = 0, (b)m1 = 4, n1 = 1,
m2 = 2, n2 = 0, n3 = 1.
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For 1� i � L− 2, this corresponds to a 2-string in stripi at positionj . Consequently, the
number of particlesni of type i coincides with theni of the(m,n) system fori � L− 2.
Since the width of a particle of typei is 2i, the particle numbernL−1 is simply determined
by the constraint

(3.15)
L−1∑
i=1

2ini =N.

Themi are interpreted as the number of dual-particles of typei for 1 � i � L − 2.
In an RSOS path, a dual-particle of typei at positionj corresponds to a domain wa
(straight segment withH(σj−1, σj , σj+1)= 1) at heighti above the baseline. In turn, th
corresponds to 1-strings at positionj in strips 1 throughi. We remark that in the strin
description the absolute position of the strings in a strip is of no importance, onl
relative ordering of 1- and 2-strings in each strip is pertinent. The rules of this bijectio
illustrated in Fig. 5 for two typical RSOS paths of theA4 tricritical Ising model. In the cas
of theM(L,L+ 1) models the bijection works the same but there areL− 2 such strips
each containing 1- and 2-strings.

4. Fermionic algebras and states

4.1. Fermionic algebras

Let us just consider the RSOS models related to unitary minimal models in the
h= hr,s . Then at each positionj along anAL pathσ there is either a corner with energy
or a straight segment with energy 1 and these two possibilities are mutually exclusiv
regard an elementary excitation as the action of a fermionic operatorb∓j/2 = bh∓j/2 that
annihilates (creates) a corner at positionj of σ and creates (annihilates) a straight segm
at the same position ofσ . The fermionic behavior (Pauli exclusion principle) is sugges
by the fact that at positionj only one straight segment or corner can exist

(4.1)��
�

j��

b− j
2�−→
��

�

j

��
��

�

j

��
b j

2�−→
��

�

j��

���

j

��
b− j

2�−→ ���

j��
���

j��

b j
2�−→ ���

j

��

b2
± j

2

= 0.

The associated energyH(σj−1, σj , σj+1) is the eigenvalue of the fermion number opera

(4.2)b− j
2
b j

2
|σ 〉 =H(σj−1, σj , σj+1)|σ 〉,

where in anticipation of unitarity we have setbj/2 = b
†
−j/2.

The dual description originates with the RSOS models in the off-critical regime I
here we apply it to the critical regime I/II RSOS models describingZL−1 parafermions. In
the dual description the roles of the corners and straight segments are interchanged{
(4.3)H ′(σj−1, σj , σj+1)= 1−H(σj−1, σj , σj+1)= 0, σj+1 − σj−1 = ±2,
1, σj+1 = σj−1.
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Apart from a shift in the zero of energy, this involves an overall change of sig
the energyE(σ). The groundstate|0〉′ with zero energy is now the saw-tooth path (s
Fig. 7)σ = {1,2, . . . ,L− 1,L,L− 1, . . . ,2,1,2, . . .}. In this dual picture an elementa
excitation annihilates a straight segment and creates a corner at positionj of the path.
The associated energyH ′(σj−1, σj , σj+1) is the eigenvalue of the dual fermion numb
operator

(4.4)b j
2
b− j

2
|σ 〉 =H ′(σj−1, σj , σj+1)|σ 〉.

Comparison with (3.3) and (4.3) suggests that

(4.5)b− j
2
b j

2
+ b j

2
b− j

2
= 1

consistent with our fermionic interpretation. Guided by the Ising or free fermionM(3,4)
case, we assume the additional fermionic relationsbjbk = −bkbj , j �= −k.

We now introduce a fermionic algebra generated by all the fermion operators

(4.6)F =
⊕
h

Fh, Fh = 〈bhj , j ∈ Z/2, j �= 0
〉
.

There is an independent copyFh of the fermion algebra in each sectorh with

(4.7)bhj b
h′
k = bhj b

h
k δh,h′ .

We usually work in a fixed sector and suppress the indexh. The generators in each sec
satisfy the usual canonical anticommutation relations (CAR) for fermions as well a
involutive property for real fermions

(4.8){bj , bk} = δj,−k, b−j = b
†
j = bTj .

The fermion number operatorsb−j bj are mutually commuting projectors

(b−j bj )2 = b−j bj ; [b−jbj , b−kbk] = 0, j, k �= 0;
(4.9)[b−j bj , bk] = 0, j �= ±k.

On the lattice this algebra isfinitizedby setting

(4.10)b j
2

= 0, |j |>N.
This yields a closed finite-dimensional fermionic algebra

(4.11)F (N) =
⊕
h

F (N)
h , F (N)

h =
〈
bhj , j = ±1

2
,±1, . . . ,±N

2

〉
.

A matrix representation of the fermionic algebraF (N)
h is easily obtained in terms o

2N × 2N real matrices with entries 0,±1. The dimension of this algebra is 2N since at

each position there can be a straight segment or a corner (4.1), that is, at each position a
monomial in the basis can contain ab−j/2 or the identity 1.
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Fig. 6. The first few RSOS configurational paths for the vacuum sectorV (8)0 of M(4,5) with energy given by
(3.3). These states are also listed in Fig. 9. The rule (4.1) associates physical fermionic states with paths

Each allowed path is naturally associated with a fermionic monomial (see Figs. 6

(4.12)

{σ }j1,j2,j3,...,jn ↔ b∓ jn
2

· · ·b∓ j3
2
b∓ j2

2
b∓ j1

2
∈Fh, jn > · · ·> j3> j2> j1> 0

(anticommutation of the fermion operators has been used to bring them into can
order) according to the following rules as in (4.1):

• The pathσh corresponding to the primary state|h〉 is associated to the identity in th
fermionic algebraFh.

• At each positionj where a corner of the primary state path is changed to a str
line we put a creation operatorb− j

2
and at each positionj where a straight line of th

primary state path is changed to a corner we put an annihilation operatorb j
2
.

• No operators are inserted when a corner or straight line is unchanged.
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Fig. 7. The first few RSOS configurational paths in the parafermionicZ3 vacuum sectorV0 ⊕ V3 of
the 3-state Potts model with energy given by (4.3). The energy of the vacuum path (top-left c
σ0 = {1,2,3,4,3,2,1,2,3,4,3,2,1} has been subtracted. We used the usual association rule (4.1) and o
theb operators as they are obtained from the paths. The canonical order can be obtained by the anticom
rules.

We call such a monomial aphysicalmonomial. Among other constraints, the pa
restrictions imply

(4.13)b−j b−j−1/2b−j−1 · · ·b−j−(L−2)/2 = {unphysical}
so that such combinations, which go beyond the heights ofAL and do not correspond t
allowed paths, should never enter in the expressions of physical quantities and m
projected out.

Note that the product of two physical monomials need not be a physical monomi
an example, consider the two physical monomials and associatedA4 paths

b− 5
2
b−2b−1b− 1

2
↔ {1,2,3,4,3,2,1,2,1},
b− 7
2
b− 3

2
↔ {1,2,1,2,3,2,3,2,1}.
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1 |0〉
0 –
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2
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|0〉
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2
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2
b− 5

2
|0〉 b− 9

2
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2
|0〉

b− 7
2
b− 5

2
b− 3

2
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2
|0〉 b− 9

2
b−2b−1b− 1

2
|0〉 b− 7

2
b−3b−1b− 1

2
|0〉

8q9 . . . . . . . . . . . .

12q10 . . . . . . . . . . . .

Fig. 8. Generic Virasoro moduleV0 of orthonormal fermionic states in theh = 0 vacuum sector. The Virasor
character isχ0(q)=∏∞

n=2(1− qn)−1 = 1+ q2 + q3 + 2q4 + 2q5 + 4q6 + 4q7 + 7q8 + 8q9 + 12q10 + · · ·.
The first few states, such as,b− 3

2
b− 1

2
|0〉 =

√
2
c L−2|0〉, b− 5

2
b− 1

2
|0〉 = 1√

2c
L−3|0〉, are easily related to

Virasoro states. For finitep, unphysical (null) vectors appear. For example, for the Ising modelM(3,4),
b− 5

2
b−2b−1b− 1

2
|0〉, b− 7

2
b−2b−1b− 1

2
|0〉, b− 9

2
b−2b−1b− 1

2
|0〉, b− 7

2
b−3b−1b− 1

2
|0〉 are null vectors. For

M(4,5), the first null vector enters at level 12.

We see that the product does not correspond to anyA4 path

(4.14)(b− 5
2
b−2b−1b− 1

2
)(b− 7

2
b− 3

2
)= b− 7

2
b− 5

2
b−2b− 3

2
b−1b− 1

2
.

4.2. Physical fermionic states, finite Virasoro modules and projectors

The identification (4.12) between physical fermionic monomials and paths can be
to define physical fermionic states

(4.15)|σ 〉 = b∓ jn
2

· · ·b∓ j3
2
b∓ j2

2
b∓ j1

2
|h〉, jn > · · ·> j3> j2> j1> 0.

In the alternative view of infinite paths, the paths associated with these states mus
with the primary state|h〉 for all j > N for some finiteN . Normalizing the primary state
so that〈h|h〉 = 1, it is easy to verify that the states (4.15) are orthonormal using the fer
algebra. Some physical fermionic states ofM(4,5) and the 3-state Potts model are sho
in Figs. 6–9. A consequence of our definition of the primary state|h〉 is that it is annihilated
by certain modes

b j
2
|h〉 = 0, if {σh}j is a corner,
(4.16)b− j
2
|h〉 = 0, if {σh}j is a straight line.
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Fig. 9. Finite Virasoro moduleV (8)0 of fermionic states in the vacuumh = 0 sector ofM(4,5). For N = 8

just 13 states survive after settingbj = 0 for |j | � 4. The finitized character isχ(8)1,1(q) = 1 + q2 + q3 +
2q4 + q5 + 2q6 + q7 + 2q8 + q9 + q10.

We identify the linear span of physical fermionic states with the Virasoro moduleVh. The
set of states (4.15) thus forms a fermionic basisBh for Vh. The Hilbert space of physica
states decomposes into a direct sum of modules

(4.17)H =
⊕
h

Vh

with fermionic basisB =⋃hBh. Again this space is graded according to the level

(4.18)Vh =
⊕
�

Vh,�, �=
n∑
k=1

jk

2
−E(σh)=E(σ)−E(σh).

A generic Virasoro module of fermionic states in theh = 0 vacuum sector is shown i
Fig. 8.

On the lattice, thefinitizedphysical Hilbert space is

(4.19)H(N) =
⊕
h

V (N)h ,

where thefinite Virasoro moduleV (N)h is the linear span of physical fermion stat
associated withN -step paths in the(r, s) sector. The number of independent physi
fermion states forming the basisB(N)h of V (N)h is thus equal to the number of paths fro
heights to heightr in N steps so that

(4.20)dimV (N)h = ∣∣B(N)h

∣∣= [AN]
r,s
,

(8)
whereA is the adjacency matrix ofAL. The finite Virasoro moduleV0 of the h = 0
vacuum sector ofM(4,5) is shown in Fig. 6.
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The projectors onto the physical states inH andVh are given by complete sums ov
the fermionic basis of states

(4.21)P =
∑

|σ 〉∈B
|σ 〉〈σ |, Ph =

∑
|σ 〉∈Bh

|σ 〉〈σ |.

Consequently a physical operatorφ on H is determined by its matrix elements betwe
physical states

(4.22)φ =PφP =
∑

|σ 〉,|σ ′〉∈B
〈σ |φ|σ ′〉 |σ 〉〈σ ′|.

The elementary projectors are easily written in terms of fermions. For example, ifh= h3,1,

|0〉〈0| =
∞∏
j=1

(
1− b0

− j
2
b0
j
2

) ∈F ,

(4.23)|h〉〈h| = (bh− 1
2
bh1

2

)(
bh−1b

h
1

) ∞∏
j=3

(
1− bh− j

2
bhj

2

) ∈F .

It follows that the operatorφ can be written entirely in terms of fermions once the ma
elements are known relative to a given fermionic basis. The algebra of physical obse
is thus the subalgebra of the fermionic algebraF obtained by projection

(4.24)A =PFP.

Since the structure of this algebra is complicated, however, it is often easier to work
larger unphysical fermion algebraF and then project.

4.3. Hamiltonian and characters

The Hamiltonian of the fermionic system associated with the unitary minimal mo
in the(r, s) sector is

(4.25)L0 = Ph

( ∞∑
j=1

j

2
b− j

2
b j

2
−E(σh)+ h

)
Ph,

wherePh is the projector onto physical states. We assert that each physical fermion
(4.15) is an eigenstate of the Hamiltonian (4.25) with eigenenergy given precisely by
Indeed, using the fermionic algebra we find

(4.26)

L0|σ 〉 = L0b− j1
2
b− j2

2
· · ·b− jn

2
|h〉 = (E(σ)−E(σh)+ h

)
b− j1

2
b− j2

2
· · ·b− jn

2
|h〉,

where

1 N∑ n∑ jk
 (4.27)E(σ)=
2
j=1

jH(σj−1, σj , σj+1)=
k=1

2
.
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The Virasoro character which is the generating function for the spectrum of the Vir
module is now

(4.28)χh(q)= q−c/24TrVh q
L0.

The finitized characters, given by the finitizationb j
2

= 0 for |j |>N , are

(4.29)χ
(N)
h (q)= q−c/24TrV (N)h

qL0.

These are the generating functions for the spectra of the finite Virasoro modules.

5. Algorithm for building matrix representations

In this section we present a general algorithm for building, level by level, m
representations of the Virasoro generators and primary fields based on paths [16,
These concrete matrix representations will be useful in further developing a l
approach to studying CFT. We will work in a distinguished orthonormal basis whic
call theL1-basis. The algorithm itself relates the vectors of theL1-basis to the basis o
Virasoro states (2.14). Applying the algorithm for genericc also yields general expressio
for the null vectors, level by level, for arbitrary minimal modelsM(p′,p). Alternatively,
these could be obtained level-by-level from the null vectors of the Gram matrix for Vira
states.

We first present our general algorithm for the Virasoro generators in theL1-basis. In
the subsequent subsection, we implement this algorithm for genericc in theh= 0 vacuum
sector pointing out its salient features and discuss the relation between theL1-basis and the
basis of Virasoro states. We illustrate our algorithms for the tricritical Ising in Section
each case the algorithm can be efficiently implemented using Mathematica [23].

5.1. Matrix algorithms for Virasoro generators inL1-basis

Because states belonging to different Virasoro modules are orthogonal, the m
representing the Virasoro generatorsLn can be obtained separately within each moduleVh

(5.1)Ln =
⊕
h

Lhn.

Usually we work within a fixed module and suppress the indexh. To obtain matrix
representations of Vir, we will takeL−n = LTn . For unitary theoriesLn will be real so
thatL−n = LTn = L

†
n whereas for nonunitary theoriesLn will be complex withL−n =

LTn �= L
†
n. Suppose we can find a diagonal matrixL0 and matricesL1 = LT−1, L2 = LT−2

satisfying

[L1,L0] = L1, [L2,L0] = 2L2,
(5.2)[L1,L−1] = 2L0, [L2,L−1] = 3L1, [L2,L−2] = 4L0 + c/2.
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Then we can extend this to a matrix representation of the full Virasoro algeb
recursively defining

(5.3)Ln = LT−n = 1

n− 2
[Ln−1,L1], n� 3.

Note that, if the generatorsLn satisfy the Virasoro algebra, then the generators

(5.4)L′
n =UT LnU, UT =U−1

also satisfy the Virasoro algebra whereU = ⊕
Uh is orthogonal and preserves t

sectors (5.1). This corresponds to the freedom of an orthogonal change of ba
specify a unique matrix representation of the Virasoro algebra one must first spe
distinguishedcanonicalbasis. The generatorsL−n act naturally on the basis (2.14)
Virasoro states. In particular, the grading of these states imposes a block structure
matrix representatives of the Virasoro generators

(5.5)Lh−n =
⊕
�

Lh−n,�, Lh−n,�: Vh,� → Vh,�+n.

The orthogonal matrix (5.4) must respect this grading so that

(5.6)Uh =
∞⊕
�=0

Uh� .

Within Vh,�, the Virasoro states (2.14) with�=∑j

i=1ni are degenerate. However, th
are not orthogonal and typically they contain null vectors, so a basis of Virasoro
(2.14) is not a good basis to choose in seeking matrix representations of the Vi
generators. One possibility, is to use the Gram–Schmidt process to orthonormal
Virasoro states with the null vectors removed. A better alternative, at least for u
minimal models, is to use the basis of fermion states. Since the fermion basis is a co
orthonormal basis of physical states we do not have to worry about removing null ve
To obtain matrix representations of the Virasoro generators, we therefore start work
a fixed orthonormal basis of states.

With such a choice of basis, the structure of the matricesL1 = LT−1 andL2 = LT−2 is

L1 =




d0 d1 d2 · · · d�−1 d�

d0 0 � 0
d1 0 �
d2 0
...

. . .

∗ 0 0 0 0 0 0

0 ∗ 0 0 0 0 0

d�−1 0 0 ∗ 0 0 0 0



,

(5.7)
0 0 0 ∗ 0 0 0
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(5.8)

L2 =




d0 d1 d2 · · · d�−1 d�

d0 0 0 �
d1 0 0
d2 0
...

. . .

∗ ∗ ∗ ∗ ∗ 0 0

d�−2 ∗ ∗ ∗ ∗ ∗ ∗ 0

∗ ∗ ∗ ∗ ∗ ∗ ∗



,

whered� = dh� = dimVh,� as in (2.16),1 denotes nonzero off-diagonal blocks, the nonz
�-blocks in position� are of sizesd�−1 × d� andd�−2 × d� respectively and

(5.9)χh(q)= q−c/24+h
∞∑
�=0

d�q
�.

We allow for arbitrary entries in each nonzero block, substitute into the basic Vira
commutators (5.2) and proceed to solve the equations level-by-level. At a given
we find that the equations are underdetermined and only involve dot products be
rows in the�-blocks. This freedom corresponds to an allowed change of orthogonal
implemented by the orthogonal matrixUh� and is removed by demanding that the entr
above the leading diagonal vanish in the(dl−1 + d�−2)× d� matrixB� formed by placing
the � block of L1 above the�-block of L2. In this basis, we find that the entries belo
the leading diagonal of the�-block ofL1 automatically vanish. There remains a resid
freedom associated with the choice of sign of each of the basis elements. We r
this by further demanding that the first nonzero entry at the top of each columnB�
is positive. If this is pure imaginary, as can occur in nonunitary cases, we deman
the imaginary part of this nonzero entry ofB� is positive. This algorithm thus fixes
distinguishedcanonicalbasis which we call theL1-basisbecause of the diagonal form
the blocks ofL1. TheL1-basis should be viewed as the fermionic basis of paths ro
by the orthogonal transformationU . Notice that only the level degeneracies, which can
read off from the Virasoro character, and the orthonormality of the starting basis is es
in this algorithm—the precise description of the starting basis is unimportant.

5.2. Generic minimal Virasoro matrices andL1 basis

Let us consider the minimal modelsM(p′,p) with p = L+ 1 large. It is then natura
to consider fermionic paths onA∞ and to treat the central chargec as a parameter. We wi
see that this case is generic in the sense that specific minimal models can be obta
specializingc.

In the vacuumh= 0 sector the generic Virasoro character is

q−c/24(1− q)

χ0(q)= ∏∞

n=1(1− qn)



enta-
G. Feverati, P.A. Pearce / Nuclear Physics B 663 [FS] (2003) 409–442 431

(5.10)

= q−c/24(1+ q2 + q3 + 2q4 + 2q5 + 4q6 + 4q7 + 7q8 + 8q9

+ 12q10 + O
(
q11))

with degeneracies

(5.11){d�} = {1,0,1,1,2,2,4,4,7,8,12, . . .}.

Treatingc as a parameter, and applying our algorithm, we build the following repres
tion of the Virasoro generators in theL1-basis:

(5.12)L0 = Diagonal(0,2,3,4,4,5,5,6,6,6,6,7,7,7,7,8,8,8,8,8,8,8, . . .),

L1 =




. 0 . . . . . . . . .

. . 2 . . . . . . . .

. . .
√

10 0 . . . . . .

. . . . . 3
√

2 0 . . . .

. . . . . 0 2
√

2 . . . .

. . . . . . 2
√

7 0 0 0
. . . . . . . 0 3

√
2 0 0

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .
. . .




= (0)⊕ (2)⊕ (
√

10 0)⊕
(

3
√

2 0
0 2

√
2

)
⊕
(

2
√

7 0 0 0
0 3

√
2 0 0

)

⊕



2
√

10 0 0 0
0

√
30 0 0

0 0 2
√

3 0
0 0 0 2

√
3




⊕



3
√

6 0 0 0 0 0 0
0 2

√
11 0 0 0 0 0

0 0
√

26 0 0 0 0
0 0 0

√
26 0 0 0




(5.13)⊕




√
70 0 0 0 0 0 0 0
0 2

√
15 0 0 0 0 0 0

0 0
√

42 0 0 0 0 0
0 0 0

√
42 0 0 0 0

0 0 0 0 4 0 0 0




⊕ · · · ,
0 0 0 0 0 4 0 0
0 0 0 0 0 0 4 0
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L2 =




.
√
c
2 . . . . . . . . .

. . . 3
√

2
5

√
c+ 22

5 . . . . . .

. . . . . 7√
5

√
1
2
(
c+ 22

5
)

. . . .

. . . . . . . 8
√

2
7

1
3

√
5
2
(
c+ 22

5
) 1

3

√
2
(
c+ 29

70
)

0

. . . . . . . 0 2 4√
5

√√√√ c+ 22
5

c+ 29
70

√√√√ 3
(
c− 1

2

)(
c+ 68

7
)

2
(
c+ 29

70

)
. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

. . .




=
(√

c
2

)
⊕
(

3
√

2
5

√
c+ 22

5

)
⊕
(

7√
5

√
1
2

(
c+ 22

5

))

⊕

8
√

2
7

1
3

√
5
2

(
c+ 22

5

) 1
3

√
2
(
c+ 29

70

)
0

0 2 4√
5

√
c+ 22

5

c+ 29
70

√
3
(
c− 1

2
)(
c+ 68

7
)

2
(
c+ 29

70
)




⊕

9
√

5
14

1√
6

√
c+ 22

5
1√
3

√
c+ 29

70 0

0 13√
15

8√
30

√
c+ 22

5

c+ 29
70

√(
c− 1

2
)(
c+ 68

7
)

(
c+ 29

70
)




⊕




5
√

5
3

√
7
66

(
c+ 22

5

) √14
39

(
c+ 29

70

)
0

√
5

143

(
c+ 11

105

)
0 14

√
6
55 8

√
3
(
c+ 22

5
)

130
(
c+ 29

70
) 3

√(
c− 1

2
)(
c+ 68

7
)

13
(
c+ 29

70
) 10

3
√

1001

√
c+ 22

5

c+ 11
105

0 0 3
√

6
13 0 82

3

√
11
(
c+ 29

70
)

455
(
c+ 11

105
)

0 0 0 3
√

6
13 0

(5.14)

0 0

1
3

√
13(1050c2+3305c−251)

105
(
c+ 11

105
) 0

1
30

√
13
(
c+ 22

5
)
(1050c2+3305c−251)

21
(
c+ 29

70
)(
c+ 11

105
) 0

36

√
70
(
c− 1

2
)(
c+ 68

7
)(
c+ 11

105
)

13
(
c+ 29

70
)
(1050c2+3305c−251)

10

√
21
(
c+ 3

5
)(
c+ 46

3
)(
c+ 29

70
)

(1050c2+3305c−251)




⊕ · · · .

We find that these matrices are generic in the sense that they can be reduced to
the correct matrices for any special minimal value ofc. More explicitly, if we specializec
to an allowed central charge for a minimal theory, sayc= 1/2, then starting on the left w
seek the first zero column ofL2 (excluding the first and third columns which are identica
zero for allc). For c = 1/2 this occurs in column 11 corresponding to the known sin

null (unphysical) vector at level 6. We then remove the rows and columns ofL0, L1 and
L2 corresponding to this position and repeat the process. Forc = 1/2, we find the next
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1 |0〉
q2

√
2
c L−2|0〉

q3 1√
2c
L−3|0〉

2q4 1√
5c
L−4|0〉 −

√
2(3L−4−5L2−2)|0〉

5
√
c
(
c+ 22

5
)

2q5 1√
10c
L−5|0〉 − (2L−5−5L−3L−2)|0〉

5
√
c
(
c+ 22

5
)

4q6
√

2
35c L−6|0〉 − (8L−6−10L−4L−2−5L2−3)|0〉

15
√

2c
(
c+ 22

5
)

(20L−6+56L−4L−2−35L2−3)|0〉
42
√

10c
(
c+ 29

70
) − ((78+60c)L−6+(201+126c)L−4L−2−93L2−3−(29+70c)L3−2)|0〉

35
√

3c
(
c− 1

2
)(
c+ 22

5
)(
c+ 68

7
)(
c+ 29

70
)

4q7 . . . . . .

Fig. 10.L1-basis of orthonormal states for the generic Virasoro moduleV0 in terms of Virasoro states. The centr
chargec is treated as a parameter. Unphysical (null) states appear ifc is set to the value of the central charge
a minimal model. For the Ising model withc = 1/2 an unphysical state appears at level� = 6. The apparen
singularity of the state is an artifact of the normalization. Actually, the numerator is a null state. Furth
states appear for the nonunitary cases withc= −22/5 andc= −68/7 corresponding toM(2,5) andM(2,7).

zero column ofL2 at the original position 15, corresponding to the single null vecto
level 7, so we remove this row and column. At the next stage we remove rows and co
at the original positions 19 and 22, corresponding to the two null vectors at level 8
so on. This process exactly produces the Virasoro generators of the critical Ising
M(3,4) as given in Section 4 of [11]. The same process works for the Yang–Lee t
with c = −22/5 as given in Section 7 of [11] and other special values ofc corresponding
to minimal models. Indeed, the matrixL2 exhibits a remarkable structure of factors of t
form

√
c− cp′,p wherecp′,p is the central charge of the minimal modelM(p′,p).

The elements of theL1-basis can be obtained in terms of the Virasoro states from
generic minimal Virasoro matricesL−n = LTn , n= 1,2 by considering the action of thes
matrices on the fundamental basis formed by the column vectorsei = {δi,j }j=1,2,.... We
identify e1 with the vacuum|0〉. Using the action of the Virasoro algebra on the states
next states are identified as

(5.15)L−2e1 ≡ L−2|0〉 =
√
c

2
e2 ⇒ e2 =

√
2

c
L−2|0〉,

(5.16)L−1e2 ≡
√

2

c
L−3|0〉 = 2e3 ⇒ e3 = 1√

2c
L−3|0〉.

This procedure continues for higher levels leading to the expressions in Fig. 10.
expressions hold for both unitary and nonunitary models. The orthonormality of thL1
basis is guaranteed by the orthonormality of the fundamental basisei .

5.3. Matrix algorithm for fields
An algorithm can similarly be applied level-by-level to obtain matrix representations
of the primary fieldsφ(h)(z). Unlike the generatorsLn, a chiral primary fieldφ(h)(z)
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intertwines between different Virasoro modules, its action being dictated by the f
rules

(5.17)φ(hi) × φ(hj ) =
∑
k

Nij
kφ(hk).

If the fusion coefficient isNij
k �= 0 then the corresponding restriction of the fieldφ(hi),

called chiral vertex operator (CVO), is nonzero

(5.18)φ

(
hi

hk,hj

)
(z): Vhj → Vhk .

The CVOs admit the Laurent expansion

(5.19)φ

(
h

h2, h1

)
(z)= zh2−h1−h∑

k∈Z

φ

(
h

h2, h1

)
k+h1−h2

z−k

with the operator modes

(5.20)φ

(
h

h2, h1

)
k+h1−h2

=
∮

dz

2πi
zk−1φ

(
h

h2, h1

)
(z)zh1+h−h2, k ∈ Z.

In the vector spaceVh1 ⊕ Vh2 we consider the action of the two CVOs

(5.21)φ

(
h

h2, h1

)
(z): Vh1 → Vh2,

(5.22)φ

(
h

h1, h2

)
(z): Vh2 → Vh1.

The Virasoro generators and fields have the following block structure when actin
Vh1 ⊕ Vh2

(5.23)Ln =
(
L
h1
n 0
0 L

h2
n

)
, φ(h)(z)=

(
0 φ

(
h

h1, h2

)
(z)

φ
(

h

h2, h1

)
(z) 0

)
.

The representations of the two CVOs can be worked out separately because they
mix under the commutation relation due to the block structure of the generatorsLn. So we
consider

(
h

h2, h1

)
(z) and expand the field in modes

(
0 0

) ( 0 0( ) )

(5.24)Φ(z)=

φ
(

h

h2, h1

)
(z) 0

, Φk =
φ

h

h2, h1 k+h1−h2
0
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Working in theL1-basis forVh1 andVh2, the block structure of the mode
(

h
h2, h1

)
h1−h2

is

(5.25)

φ

(
h

h2, h1

)
h1−h2

=




d
h1
0 d

h1
1 d

h1
2 · · · d

h1
�

d
h2
0 � 0 0

d
h2
1 0 � 0

d
h2
2 0 0 1

...
. . .

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

d
h2
� ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

. . .




,

where

χh1(q)= q−c/24+h1

∞∑
�=0

d
h1
� q�, d

h1
� � 0,

(5.26)χh2(q)= q−c/24+h2

∞∑
�=0

d
h2
� q�, d

h2
� � 0.

The primary fields satisfy

(5.27)δmφ
(h)(z)= [Lm,φ(h)(z)]= zm+1 ∂

∂z
φ(h)(z)+ h(m+ 1)zmφ(h)(z)

and consequently the modes satisfy

(5.28)

[
Lm,φ

(
h

h2, h1

)
k+h1−h2

]
= [−m(1− h)− (k + h1 − h2)

]
φ

(
h

h2, h1

)
m+k+h1−h2

.

Given the modeΦ0, we use this to generate the remaining modes by the action o
known matrix representation ofLn

(5.29)Φn = 1

n(h− 1)+ h2 − h1
[Ln,Φ0], n �= 0.

With the higher modes defined in this way, we solve the linear equations

[L1,Φ1] = (h− 2+ h2 − h1)Φ2, [L1,Φ−1] = (h+ h2 − h1)Φ0,
(5.30)[L2,Φ−1] = (2h− 1+ h2 − h1)Φ1
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level-by-level for the entries ofΦ0. We find that these three equations are consistent
sufficient to determine all the entries of the modes so that no higher level equatio
required.

6. Tricritical Ising model

In this section we give some examples of building matrix representations of the Vir
algebra and fields for the tricritical Ising model. Further examples for the Ising, tricr
Ising, 3-state Potts and Yang–Lee theories are given on the archives [11].

6.1. Tricritical Ising model:V0

Theq series for the Virasoro character in theh= 0 sector is

χ0(q)= 1+ q2 + q3 + 2q4 + 2q5 + 4q6 + 4q7 + 7q8 + 8q9 + 12q10 + 14q11

(6.1)+ 20q12 + O
(
q13).

The first discrepancy with the genericA∞ case is at level 12. We compute the matrice
theL1 basis, truncating the energy such that terms corresponding toq10 are dropped. We
thus build the following 30× 30 matrices:

L0 = Diagonal(0,2,3,4,4,5,5,6,6,6,6,7,7,7,7,8,8,8,8,8,8,8,9,9,9,9,9,9,

(6.2)9,9, . . .),

L1 =




. 0 . . . . . . . . .

. . 2 . . . . . . . .

. . .
√
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. . . . . 3
√
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√

2 . . . .

. . . . . . . 2
√
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. . . . . . . 0 3
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2 0 0

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .
. . .




= (0)⊕ (2)⊕ (
√

10 0)⊕
(

3
√

2 0
0 2

√
2

)
⊕
(

2
√

7 0 0 0
0 3

√
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)
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⊕ · · · ,
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⊕


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65
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√
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√
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4295 9

√
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455




(6.4)⊕ · · · .
We thus obtain the energy–momentum tensor of the tricritical Ising model as sho
Fig. 11. As a further example of our algorithms, we also exhibit the primary field

( 3/5
3/5,0

)
(z)

in theL1 basis in Fig. 12.

7. Discussion

In this paper we have considered the minimal CFTs from a lattice approac
particular, we have exhibited a bijection between the one-dimensional configuration
and the eigenstates of the criticalAL RSOS double row transfer matrices. Our presenta
here of the classification of these eigenstates and the details of the energy-pre
bijection however is incomplete. The task of extending this to all(r, s) sectors of the
unitary minimal modelsM(L,L + 1) will be completed elsewhere [20]. We also ho
to discuss the modifications required to treat the nonunitary models in future work.

In terms of conformal field theory we have taken steps towards the fermionizati
the s�(2) minimal and parafermion conformal field theories by associating orthono
fermionic states with the paths of the underlying lattice models. In this way we are a
build the Hilbert space of physical states of these models on the cylinder in terms of
RSOS paths labeling the eigenstates of double-row transfer matrices. The fermionic
have the advantage over Virasoro states in that they are automatically orthonormal.

The results of this paper extend [20] to periodic and other conformal boun
conditions. In the case of periodic boundaries, there are two copies of the Virasoro a
and the states are labeled by two RSOS paths. In the plane of the complex s
parameteru, these come from the distinct patterns of zeros in the upper and lower
planes corresponding respectively to the left- and right-chiral halves. Our analysis wi
put the finitized toroidal partition functions postulated by Melzer [9] on a firm footing

In this paper we also have presented a general level-by-level algorithm to build m
representations of the Virasoro algebra and fields for thes�(2) minimal and parafermion
models. We expect this algorithm to work generally for rational CFTs.

Although our algorithm appears to be consistent level-by-level, our results are far
complete. We have no proof that the infinite matrices actually give a representat
the Virasoro algebra. Although it is probably not difficult to establish the converg
of our truncated matrices to orderqN , it would be highly desirable to have closed fo
expressions for the infinite matrices. Likewise, it is highly desirable to obtain ex
expressions for the Virasoro generators in terms of the fermion operators. In tr
the fields we have for simplicity worked with one chiral half of the bulk fields. I

possible [20] to extend this to a full treatment of the bulk fields for the periodic system
but it would also be nice to give a proper treatment of the boundary fields on the cylinder.
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Fig. 12. (Continued).
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Lastly, in the case of the tricritical Ising and 3-state Potts models, there are extended
algebras, namely, the superconformal algebra andW3 algebra. It would be nice to wor
out, at least level-by-level, the matrix representatives of the generators of these
symmetry algebras.
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