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Abstract

A framework is presented to extend the finitized characters and recursion methods of (off-critical)
corner transfer matrices (CTMs), in a self-consistent fashion, to the calculation of CFT characters and
conformal partition functions. More specifically, in this paper we considé) minimal conformal
field theories on a cylinder from a lattice perspective. We argue that a general energy-preserving
bijection exists between the one-dimensional configuration paths of thestricted solid-on-solid
(RSOS) lattice models and the eigenstates of their double row transfer matrices and exhibit this
bijection for the critical and tricritical Ising models in the vacuum sector. To each allowed one-
dimensional configuration path we associate a physical state and a monomial in a finite fermionic
algebra. The orthonormal states produced by the action of these monomials on the primary states
|h) generate finite Virasoro modules with dimensions given by the finitized Virasoro characters
X,EN) (g). These finitized characters are the generating functions for the double row transfer matrix
spectra of the critical RSOS models. We also propose a general level-by-level algorithm to build
matrix representations of the Virasoro generators and chiral vertex operators (CVOs). The algorithm
employs a distinguished basis which we call thgbasis. Our results extend &y _1 parafermion
models by duality.
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1. Introduction

Over the last two decades there has been much progress in understanding the deep
connections between conformal field theory (CFT) [1,2] and integrable lattice models [3]
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but some intriguing mysteries remain. Within the framework of Baxter’'s corner transfer
matrices (CTMs), for example, it is well known that the one-dimensional configuration
sums generate conformal characters in the thermodynamic limit. But conceptually this is
not well understood. For the fundamental example of the solvable ABF models [4], the
one-dimensional configuration sums are

X (@)= gqMorrorond - gg=a,  oy=b,  oyp=c, (L1
{o}

where H(oj_1,0;,0j4+1) = %|aj,l — oj41] is a local energy and the sum is over
all pathso = {00, 01,...,0n41} With 0 € {1,2,...,L} andoj — 0j41 = £1. In the
thermodynamic limit these one-dimensional configuration stomsally yield the s£(2)
minimal Virasoro characters

(N)

g2 sy, (@) = Nll”noo X rri1(@- (1.2)

Baxter's celebrated CTM formalism [3] was originally proposed as a method to
calculate local one-point functions for off-critical solvable lattice models. But with its
appealing description of the character generating functions in terms of a local energy
along paths, the one-dimensional configuration sums have also proved to be a useful tool
within CFT for studying characters. In particular, they provide natural finitizations of the
characters as well as mathematically powerful recursion relations between the finitized
characters. These have played an important role, for example, in the study of the fermionic
forms [5] of various characters which have led to many recent developments [6,7]. From
the CFT point of view, however, the CTM formalism suffers from certain shortcomings
and inherent inconsistencies. First, the formalism is limited to special boundary conditions
(dictated by off-critical groundstates) and does not extend to periodic and other conformal
boundary conditions. Second, the CTMs refer to off-critical lattice models which do
not exhibit conformal symmetry. Moreover, an appropriate Yang—Baxter integrable off-
critical regime that correctly reproduces the characters may not even exist. In the case
of the ABF models, both regimes Il and IV are adjacent to the relevant critical line
but only the regime 11l one-dimensional configuration sums correctly yield the Virasoro
characters [8,9]. But even more serious is the fact that, in the off-critical lattice models,
the parametey is the elliptic nome measuring the departure-from-criticality which is
entirely unrelated to any modular parameteConsequently, there is no relation between
theformally identifiedparameterg appearing on the left- and right-hand sides of the key
relation (1.2) which embodies tlowrrespondence principlef the Kyoto school [8].

In this paper we remove these shortcomings and inconsistencies by building on
work [10] on a fermionic interpretation of Baxter’s corner transfer matrix (CTM) paths.

In the context of the¢(2) minimal models, we show that the same paths, the same local
energy, the same finitized characters and the same recursion relations can all be obtained,
in a self-consistent fashion, by working wittritical double-row transfer matrices with
modular parameter

q= exp(—n sin(Lu)%), (1.3)
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whereM/N is the lattice aspect ratio amdis the spectral parameter. Our lattice approach
naturally leads us to take steps towards a fermionization of the minimal CFTs. In its present
form our formalism is somewhat cumbersome and we do not suggest it should replace the
usual bosonic Coulomb gas methods for practical calculations. However, since the minimal
models (with the exception of the Ising model) do not contain fermionic fields, we feel
that the existence of a consistent fermionization is significant especially in the light of the
known fermionic forms for the characters.

The layout of this paper is as follows. In Section 2, we define the critical RSOS models
and their double-row transfer matrices. We also recall their relation to the minimal and
parafermion CFTs. The bijection between the one-dimensional RSOS configuration paths
and eigenstates of the critical RSOS double row transfer matrices is exhibited for the
critical and tricritical Ising models in Section 3. In Section 4, we introduce fermionic
algebras. We give the relation between physical states and fermionic paths and discuss
fermionic states and finite Virasoro modules. As a by-product of our considerations
we present in Section 5 a general level-by-level algorithm to build explicit matrix
representations of the Virasoro generators and chiral vertex operators (CVOS) in a basis of
fermionic paths. These concrete matrix representations will be useful in further developing
a lattice approach to studying CFT. We conclude in Section 7 with a discussion of open
questions for further research. An expanded version of this work containing more examples
of building matrix representations for the critical Ising, tricritical Ising, 3-state Potts and
Yang—Lee theories on a cylinder can be found on the archives [11].

2. Critical RSOS models and conformal field theory
2.1. Critical RSOS models and double row transfer matrices

The critical A, RSOS models [4] are exactly solvable models [3] on the square lattice.
The Boltzmann weights associated to the elementary faces are

d c . .
d c Sin(A — u) sinu | S;S¢
w = = - Sa.c - Sb.ds 2.1
(a b u) " A sin “"+sm/\\/ SpSq 0 (2.1)

a

where the heights, b,c,d € {1,2, ..., L} andu is the spectral parameter. The crossing
parameter is. = 2=PD7 \yith p, p’ coprime andp’ < p = L + 1. The crossing factors
areS, =sinax and tﬁe weights vanish if the heights on any edge do not diffet byFor
unitary models ¢’ = p — 1), these Boltzmann weights are all nonnegative whereas, for
nonunitarymodels ¢’ < p — 1), some of these weights are negative.

Since the RSOS face weights satisfy the Yang—Baxter equation (YBE), these models
are integrable for arbitrary complexusing commuting transfer matrix methods [3]. To
work on a strip or cylinder, with specified boundary conditi@ns, s;) on the left and
(rr, sg) on the right edges, it is necessary to introduce [12] double row transfer matrices.
In this paper we will consider just the subset of boundary conditions Wwiths; ) = (r, 1)
and(rg, sg) = (1, s). We call thesdr, s) type boundary conditions. Wittr, s) boundary
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conditions, the double row transfer matrices are represented diagrammatically by

roor o) ) ON-1 s s
A—u A—u A—u
D(u = Z _
o T 71 2 TN_1 i\ 4
0, TN
u u u
rr o1 02 ON_1 s s
(2.2)

For integrability, the triangle boundary weights on the left and right must satisfy the
boundary Yang—Baxter equation (BYBE). For each conformal boundary conditiosy. )
or (rg, sg) on an edge, there is a corresponding integrable boundary condition [13] given
by a set of triangle boundary weights satisfying the BYBE. Gos) type boundary
conditions, the partition functions satis®(1,1)|-s) = Z¢,1)|1,5). In the vacuum sector
(rr,sp) = (rr,sg) = (1, 1), the triangle boundary weights vanish unlegs= ty = 2
so the triangle boundary weights can simply be removed leaving the heights alternating
between 1 and 2 on the left and right edges of the strip.

For boundary conditions ofr,s) type, the double row transfer matricdd(u)
form a commuting family{D(u), D(v)] = 0. Consequently, they can be simultaneously
diagonalized by the orthogonal matrix of eigenstates which are independenfof a
suitable choice of parameters, the double row transfer matrices are real symmetric and
positive definite. The actual form of the eigenstates changes under an orthogonal change
of basis. Nevertheless, these eigenstates are characterized by their associated eigenvalues
D(u) which arendependentf the choice of basis. These eigenvaluesin turn can be studied
analytically by Yang—Baxter techniques and are classified according to their patterns of
zeros in the complex-plane. Consequently, we can use the patterns of zeros to label the
eigenstates.

The A; RSOS models exhibit two distinct physical regimes. 1f<Qu < A, the
continuum scaling limit realizes the&(2) minimal models. Otherwise, K—7/2 <u <0,
the continuum scaling limit realizes tie ;1 parafermions. The conformal data is obtained
from the finite-size corrections to the eigenvalues of the double row transfer matrices. In
making contact with CFT, the spectral parameter is usually specialized tsottspic
value,u = 1/2 for minimal models and = —A for Z; _1 parafermions.

2.2. Minimal models and; parafermions
Thes£(2) minimal models [1]M(p’, p) with p, p’ coprime have central charges

_B(p—p)?

c=1 -
pp

(2.3)
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The conformal weights are

_(rp—sp)2—(p—p)?

h=h,s= P , r=12,...,p-1s=12,....,p—-1
PP
(2.4)
and the Virasoro characters are
_0/24+h ad / ’ /
xn(q) = e Z (gkkeptrp=sp’) _ g kp+)kp+r)), (2.5)
o0
k=—o00
where
n
(61)n=1_[(1—6]k)~ (2.6)
k=1

The minimal models are unitary j5 — p’ = +1. We consider only the diagondl-type
series withp’ < p. The critical Ising M (3, 4), tricritical Ising M (4,5) and Yang—Lee
theoriesM (2, 5) are the prototypical examples.

Thest(2) Z; parafermion models [14] have central charges

C2(k—1)
k42

We consider only the diagondl-type series. Th&s or hard hexagon model [3,15] is the
prototypical example. The hard hexagon model is in the universality class of the 3-state
Potts model so we refer to this as the 3-state Potts CFT. Generally, the charactet®,of the
models are string functions but, for tifle model, these are easily related to the Virasoro
characters of thé1(5, 6) model.

The minimal andZ; parafermion models are rational and admit a finite number of
primary fieldsp (z) = ¢V (z). These theories arise from the continuum scaling limit of the
A RSOS models witl. = p — 1 andL =k + 1, respectively.

. k=23,.... (2.7)

2.3. Virasoro algebra and Virasoro states

The Virasoro algebra
Vir =(L,,n € Z) (2.8)
is an infinite-dimensional complex Lie algebra associated with conformal symmetry. The

generatord., satisfy the commutation relations

[Ln, Lml=(n —m)Lpim + 1i2n(n2 - 1)8n,—m7 (2.9)

where the central elemeantis the central charge. The Virasoro generators are the modes
of the energy—momentum tensor

T()=) Laz "2 (2.10)

nez
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On a cylinder with prescribed boundary conditions, which is the case of primary concern
here, there is just one copy of the Virasoro algebra. For bulk theories on the torus, however,
there is a second copyir of Virasoro which is the antinolomorphic counterpart.

For rational CFTs, the Hilbert spacK of states on which Vir acts is naturally
decomposed into a finite direct sum of irreducible highest weight representations (Virasoro
modules)

H=EP V. (2.11)
h

where the sum is over the conformal weightsf the primary fieldsp(z) = ¢ (z). The
vacuum|0) and primary (highest weight) statdg are characterized by

Lolh) =hl|h),  Ln|0)=0, n>-1;  L,h)=0, n>0. (2.12)

Moreover, there is a one-to-one correspondence between primary fields and primary states
induced by

Iimoqﬁ(h)(z)lO) = |h). (2.13)
—>

The vacuum stat) with 2 = 0 corresponds to the identity operator.
The generically reducible highest weight representation of Vir (Verma module) is the
linear span of Virasoro states in the canonical form

Lfnijnj,l"'Lfnﬂh)a nj >njfl> eznp >l (214)

If its maximal proper submodule is quotiented out, we are led to the irreducible Virasoro
moduleV, = V., and the states (2.14) are no longer linearly independent due to the
existence of null vectors. The generic Virasoro module imithe0 vacuum sector is shown
in Fig. 1. Typically, for giverr andk, some states at a given level enter in a vanishing non-
trivial linear combination that is the null vector. Surprisingly, it seems that a complete set
of linearly independent Virasoro states is not known even for the Ising model, althoughiitis
known [16] for the Yang-Lee theoty1(2, 5) and the whole familyM (2, 2n 4+ 3),n > 1.

With reference to the vectors (2.14), the modujeis graded according to the level

9]
Vi=@PVie. =) n. (2.15)
=0 ]

The Virasoro characteyy (¢), which is the generating function for the spectrum of the
Virasoro modulg/y,, is

o0
xn(g) =Try, "0~ /? =g~ 241X "q,q*, dy >0, (2.16)
=0

whereq is the modular parameter and the degenedacy dé} =dimV}, ¢ is the dimension
of the space of states at level
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Fig. 1. Virasoro module/y of Virasoro states in the vacuuim= 0 sector. The generic Virasoro character is
x0@) =121 — ¢t =14¢% + 4¢3+ 2¢* + 245 + 498 + 497 + 748 + 8¢° + 12410 ... In this sector,
there is a null vectol _1|0) = 0 at level¢ = 1. For the minimal theories1(p’, p), further null vectors appear.
For example, for the Ising modgaH (3, 4), there is one null vector at level 6 and 7 and two at level 8 #i#, 5),

the first null vector enters at level 12.

3. Bijectionsof pathsand strings

In this section we discuss the bijection between the fermionic paths and eigenstates
of the critical RSOS double row transfer matrices. More specifically, we exhibit an
energy preserving bijection between the RSOS paths and patterns of zeros classifying
the eigenvalues of the double row transfer matrices. We use the work of Warnaar [10]
to further establish a bijection with fermionic particles. Although they are equi-numerous,
the fermionic RSOS paths that label the eigenstates of the transfer matrices are not the
same as the RSOS paths on which the transfer matrices act. Theses states can only be
related by a complicated orthogonal transformation. It also needs to be emphasized that our
bijection is between the fermionic RSOS paths and the patterns of zeros of the eigenvalues
of the double row transfer matricd®(x). Within the framework of the usual Bethe ansatz,

a separate bijection exists [17] between the RSOS paths and the rigged configurations
related to the patterns of zeros of Baxter's auxiliary magié).

Although we assert that our bijections are general, we content ourselves here with
illustrating the bijections in the vacuum= 0 sectors of the unitary minimal models. In
these cases the classification of eigenstates of the double row transfer matrices and their
accompanying patterns of zeros are completely known [18] in termg:of)-systems
[9,19]. The full details of the bijections for the unitary minimal models in(alk) sectors
and with periodic boundary conditions will be given elsewhere [20]. In the case of periodic
boundaries, there are two copies of the Virasoro algebra and the states are labeled by two
RSOS paths. In the plane of the complex spectral paramgtieese come from the distinct
patterns of zeros in the upper and lower half-planes corresponding respectively to the left-
and right-chiral halves. On the cylinder, the complex conjugation symmetry ensures that
the patterns of zeros in the upper and lower half-planes are the same so there is only one
RSOS path and one copy of the Virasoro algebra.
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3.1. One-dimensional configuration sums

Consider theV-step configuration pathg} of the A; RSOS models [4] as shown in
Figs. 2 and 3 witho; € {1,2,3,..., L} ando;41 — o; = £1. In this context, applying
conformal boundary conditions 6f, s) type means thatgp = s, oy =r andoy;1=r+1
wheres =1,2,...,L andr =1,2,..., L — 1. Alternatively, we can work with infinite
paths which start at and afterN steps alternate between heightandr + 1. Allowing
for the Z, height reversal symmetry, there a}é(L — 1) distinct boundary conditions or
sectors. In the case of the unitary minimal mod®igL, L + 1), these are in one-to-one

4

3

2

s=1 1 . - . r=1

Fig. 2. TheN = 8 step RSOS configurational path= {1, 2, 3,4, 3, 2, 3, 2, 1} in the vacuum(r, s) = (1, 1) sector
of the tricritical Ising modelM (4, 5). The energy of this path i8(o) = %(1+ 244+ 7) =7. The groundstate
vacuum path0) is shown dotted.

7
s
2
1 1
(a) 0 ... r—s N
s
3 r
2
1 1
(b) 0 s—r N

Fig. 3. TheN-step pathy;, associated with the primary state of the (r, s) sector for (ay < r and (b)s > r. The
parity of N is fixed by N = |r — s| mod 2. Sectors of type (a) and (b) are related byZheac table symmetry
(r,s) = (L —r, L +1—s) under height reversal.
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correspondence with the primary operaip?s (z) with conformal weights in the Kac table

2
(EHDr=L97=1 1 1<s<L.
4L(L +1)

(3.1)

These RSOS paths were first introduced in the context of the corner transfer matrices
(CTMs) for the off-critical RSOS models but here we use these same paths at criticality
to classify the eigenstates of the critical RSOS double row transfer matrices. Each path is
associated with a state) with configurational energy

h= hr,s = hL—r,L+l—s =

N
1,
E() =1 leHw,;l,oj,a,-H). (3.2)
J:

For the unitary minimal model84(L, L + 1) the elementary local excitation energy is

1 1=0i_
H(0j-1,0,0j+1) = 5loj-1 = 0j+1] = { (1) Zji _ Z;,i’z vy (3.3)
This description originates with the off-critical RSOS models in regime Il witthe
elliptic modulus but here we apply it to the regime IlI/1V critical RSOS models with
the modular parameter. The vacuum or groundgtitevith zero energy is the path that
alternates between heights 1 and 2. In the) sector, the primary or reference state
|h) is the patho;, with lowest energy as shown in Fig. 3. Tke s) sector is associated
with the Virasoro modul®’, with 7 = h,. ;. Specifically, the finitized Virasoro characters
Xf,l;]) (q) = Xle) (¢) approach the corresponding Virasoro characters in the imit oo
with N = |r —s|mod 2

N e _
i (q) = q =P gE@OE@D s y(q), N - 0. (3.4)
{o}

3.2. Ciritical Ising model

The central charge of the critical Isinfy((3, 4) model isc = 1/2. Let us consider the
vacuum sector with boundary conditién s) = (1, 1) ands = 0. The excitation energies
are given by the scaling limit of the eigenvaluBsu) of the double-row transfer matrix
D(u). The eigenvalue® (1) are classified [18] according to their zeros in the complex
u-plane falling in or on the boundary of the single analyticity strip

A 3

5 < Re(u) < 5 (3.5)
wherei = /4 is the crossing parameter. For finite the low lying excitations contain
1-strings (zeros in the middle of the strip) and 2-strings (pairs of zeros at the edges of
the strip with the same imaginary part). By complex conjugation symmetry, the patterns
of zeros in the upper and lower half-planes are the same so we only consider the upper
half-plane. It is found that if the number of 1-strings in the upper half-plane @&nd the
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number of 2-strings is then this string content satisfies the simgig n)-system

m+n=

> (3.6)
wherem andN are even.

The lowest or groundstate enerdgy= 0 occurs form = 0. Among excitations with
given string content, the lowest energy= m2/2 occurs when all of the 1-strings are
further from the real axis than all of the 2-strings. Moreover, for given string content,
it is found that all patterns of zeros obtained by permuting the vertical positions of the
1- and 2-strings actually occur among the eigenvalues. Each time the position of adjacent
1- and 2-strings is interchanged the energy is increased by one unit. It follows [18] that the
spectrum generating function is given by the finitized character

N e e 2, N/2
Xé )(q) =q L/24ZqE =q c/24 Z qm /2|: :|
E q

m=02.4... "
4 qm2/2
—q Y @ = x0(q), (3.7)
m=0,2,4,.. 1M
where theg-binomials are
(q)ern
[er”} N @ty ™20, (3.8)
m- 1y 0, otherwise

with (q), given by (2.6) andg)o = 1.
3.3. Tricritical Ising model

The central charge of the tricritical Ising1(4,5) model is ¢ = 7/10. Again let
us consider the vacuum sector with boundary conditior) = (1,1) andz = 0. In
classifying [18] the eigenvalueB(u) of the double-row transfer matrik (1) there are
now two relevant analyticity strips in the complexplane

1) _% <Re(u) < %’\ (2) 21 <Re(u) < 4, (3.9)

where the crossing parametenis- 7 /5. The excitations are again classified by the string
content in the upper half-plane

m; = {number of 1-strings in strip=1, 2},

n; = {number of 2-strings in strip= 1, 2}, (3.10)
wherem1, mp andN are even and satisfy th@, n) system
N+m m
mi1+n1= > 2, mo+no = 71 (3.11)

The groundstate energy = 0 now corresponds ta; = mo = 0. For excitations with
given string contentm, n), the lowest energf = (m% — mimy + m%)/z occurs when,
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in both strips 1 and 2, all of the 1-strings are further out from the real axis than all of the
2-strings in the strip. Bringing the location of a 1-string, in either strip 1 or 2, closer to the
real axis by interchanging its location with an adjacent 2-string increments the excitation
energyE by one unit. It thus follows [18] that the spectrum generating function is given
by the finitized character

- m2—myma+m2 (N +mp)/2 m1/2
X ) =g~y gt 2)/2[ / ] [ 1/ }
g g

m m
m1,my—0,2.4,... 1 2

- qfc/24 Z

q(mi_mlmﬁm%)/z [m1/2
m1,m2=0,2,4,...

] — @, (312
(@my q

m2

3.4. Unitary minimal models

The critical and tricritical Ising models are the first two in the series of unitary
minimal modelsM(L, L + 1). Again considering thér, s) = (1, 1) vacuum sector with
h = 0, the eigenvalues of the double row transfer matrices can be classified [20] by the
number of 1-strings; and the number of 2-strings in L — 2 analyticity strips. These
must satisfy thém, n) system [9,19]

1
m—}—n:E(Nel—i—Am), (3.13)

where A is the adjacency matrix oy _», C = 2I — A is the Cartan matrix and; =
(1,0,...,0). Herem, n ande; are(L — 2)-dimensional vectors and eagh and N must
be even. The finitized characters, generalizing (3.7) and (3.12), are [9,19]

L-2
N . 1 m; + n;
%6 (@) =g P4y qamem [ [ - l]
i=1 L

(m,n)

1 L-2
. zmCm mi + n;
—q Y 1 ]_[[ . } = x0(q)- (3.14)
q

m;=0,2,4,... (@my i=2 !

These finite characters agree precisely with the finitized characters (3.4) and they reproduce
the correct counting of states with= 1. The limiting forms of these characters, however,
differ fundamentally from (2.5) because the coefficients ingkseries (3.7), (3.12) and
(3.14) are manifestly nonnegative. For this reason these forms are fateidnic[5] in
contrast to thédosonicform (2.5).

3.5. Energy-preserving bijection

Since the energy spectrum generating functions for the paths and strings coincide, it
is natural to expect an energy-preserving bijection between the two descriptions of the
states. Given an RSOS path, Warnaar [10] has given a detailed prescription to extract the
fermionic particle content. There ake- 1 types of particles. A particle of typeat position
J corresponds to a peak in the RSOS path at heighbve the baseline as shown in Fig. 4.
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o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Fig. 4. A typical A4 RSOS path ofV = 18 steps decomposed into a series of overlapping peaks by drawing in

a sequence of horizontal baselines following the prescription of Warnaar [10]. This prescription reveals particles
of type 1, 2, 1, 3, 2 at positiong= 1,4, 6, 11, 15 respectively and a particle content=2,ny =2,n3 = 1.

A particle of typei has a peak units above the baseline and a width (at the baseline).of 2

1 2 3 4 &) %)

@

1 2 3 4 &) %)

(b

Fig. 5. Bijection of tricritical Ising RSOS paths and strings. The RSOS paths (rotateddtkwise) are shown
on the left and the strips (1) and (2) containing 1- and 2-strings in the upper-half complexe are shown
on the right. The string (particle) content is (@) =2,n7, =2, m2=0,n2 =1,n3=0, (b)m1=4,n1 =1,
mo=2,np=0,n3=1.
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For 1<i < L — 2, this corresponds to a 2-string in sttipt positionj. Consequently, the
number of particleg; of typei coincides with the:; of the (m, n) system fori < L — 2.
Since the width of a particle of types 2, the particle number; _; is simply determined
by the constraint

L-1
> 2in;=N. (3.15)

The m; are interpreted as the number of dual-particles of typer 1 <i < L — 2.
In an RSOS path, a dual-particle of typet positionj corresponds to a domain wall
(straight segment witli (o1, 0, 0j4+1) = 1) at height above the baseline. In turn, this
corresponds to 1-strings at positigrin strips 1 through. We remark that in the string
description the absolute position of the strings in a strip is of no importance, only the
relative ordering of 1- and 2-strings in each strip is pertinent. The rules of this bijection are
illustrated in Fig. 5 for two typical RSOS paths of thg tricritical Ising model. In the case
of the M(L, L + 1) models the bijection works the same but there lare 2 such strips
each containing 1- and 2-strings.

4. Fermionic algebrasand states
4.1. Fermionic algebras

Let us just consider the RSOS models related to unitary minimal models in the sector
h = h;s. Then at each positiopalong anA;, patho there is either a corner with energy 0
or a straight segment with energy 1 and these two possibilities are mutually exclusive. We
regard an elementary excitation as the action of a fermionic operatos = bf‘H that
annihilates (creates) a corner at positjoof o and creates (annihilates) a stra|ght segment
at the same position ef. The fermionic behavior (Pauli exclusion principle) is suggested
by the fact that at position only one straight segment or corner can exist

b_ / / b,
2 2
— —
i j N b2, =0. (4.1)
2
b_; b
J J J

The associated energy(c;_1, 0}, o;+1) is the eigenvalue of the fermion number operator

b_ibﬂU):H(Ujfl,Uj,0j+l)|U>, (4.2)

where in anticipation of unitarity we have dgt, = b' i/

The dual description originates with the RSOS models in the off-critical regime Il but
here we apply it to the critical regime I/l RSOS models descritding; parafermions. In
the dual description the roles of the corners and straight segments are interchanged so that

0, ojy1—0j_1==2,

H'(oj-1,0j,0j41) =1— H(0j_1,0j,041) = { 1 oj1=o0j 1. (4.3)
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Apart from a shift in the zero of energy, this involves an overall change of sign in
the energyE (o). The groundstatéd)’ with zero energy is now the saw-tooth path (see
Fig. Yo ={1,2,...,L—1,L,L—1,...,2,1,2,...}. In this dual picture an elementary
excitation annihilates a straight segment and creates a corner at pgsibbthe path.
The associated energy’(c;_1,0;,0,+1) is the eigenvalue of the dual fermion number
operator

byb_jlo) = H'(0j-1,0),0}+1)l0). (4.4)
Comparison with (3.3) and (4.3) suggests that

b jbj+bjb ;=1 (4.5)
2 2 2

2

consistent with our fermionic interpretation. Guided by the Ising or free fermvit(3, 4)
case, we assume the additional fermionic relatioitg = —bib;, j # —k.
We now introduce a fermionic algebra generated by all the fermion operators

F=@Fn. Fn=(b" jez/2 j+0) (4.6)
h

There is an independent cofy, of the fermion algebra in each sectowith
by =b"biS) . (4.7)

We usually work in a fixed sector and suppress the irdekhe generators in each sector
satisfy the usual canonical anticommutation relations (CAR) for fermions as well as the
involutive property for real fermions

{bj.bi} =8,  b_j=bl=bl. (4.8)
The fermion number operatobs ;b; are mutually commuting projectors

(b_jb)?=b_jbj;  [b_jbj.byb]1=0, j.k#0;

[b_jbj,bi]=0, j#=k. (4.9)
On the lattice this algebra fiitizedby setting

b

0, |j|>N. (4.10)

j
2
This yields a closed finite-dimensional fermionic algebra

N

!
FO—PFM, ]-“;lN)=<bjf,J::I:E,:Izl,...,:t5>. (4.11)
h

A matrix representation of the fermionic algebf: M is easily obtained in terms of
2N % 2N real matrices with entries, &1. The dimension of this algebra ig' Zince at
each position there can be a straight segment or a corner (4.1), that is, at each position a
monomial in the basis can contairba;,, or the identity 1.
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4 4 4
3 3 3
2 2 2
1 1 1
01 2 3 4567 8 01 2 3 45 67 8 01 2 3 45 67 8
E(og)=0 E(o0)=2 E(0)=3
|0) b_3b_110) b_sb_110)
2 73 2 73
4 4 4
3 3 3
2 2 2
1 1 1
01 2 3 4567 8 012 3 4567 8 01 2 3 4567 8
E(0)=4 E(0)=4 E(0)=5
b 7b 1|0 b sb 3|0) b 7b 3|0)
2 732 2 72 2 72
4 4 4
3 3 3
2 2 2
1 1 1
012 3 4567 8 012 3 4567 8 01 2 3 4567 8
E(c)=6 E(c)=6 E(0)=7
b_7b s5|0) b sh_sb_1b 1|0) b_7b_sb_1b 1]0)
2 2 2 2 2 2

Fig. 6. The first few RSOS configurational paths for the vacuum sée‘ﬁ’]rof M(4,5) with energy given by
(3.3). These states are also listed in Fig. 9. The rule (4.1) associates physical fermionic states with paths.

Each allowed path is naturally associated with a fermionic monomial (see Figs. 6 and 7)

b:Fj_zb:Fj eFn, jn>->J3>jo2>j1>0
2

(4.12)
(anticommutation of the fermion operators has been used to bring them into canonical
order) according to the following rules as in (4.1):

{0} 1 j2. g < l&% b

=

J;
3

n

e The pathoy, corresponding to the primary state is associated to the identity in the
fermionic algebrafy,.

e At each positionj where a corner of the primary state path is changed to a straight
line we put a creation operatér ; and at each positiop where a straight line of the
primary state path is changed tc2) a corner we put an annihilation opérator

. - . . 2
o No operators are inserted when a corner or straight line is unchanged.
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4 4
3 3
2 2
1 1
01 2 3 45 67 8 9 10 11 12 01 2 3 4 5 67 8 9 10 11 12
E(o) — E(og) =0 E(0) — E(og) =2
10) bab_3b1b110)
2 2
4 4
3 3
2 2
1 1
01 2 3 4 5 67 8 9 10 11 12 01 2 3 4 5 67 8 9 10 11 12
E(o) — E(og) =3 E(o) —E(og)=3
b%b,3bgb7%b1b%\0) bob1)|0)
4 4
3 3
2 2
1 1
01 2 3 4 5 67 8 9 10 11 12 01 2 3 4 5 67 8 9 10 11 12
E(o) — E(og) =4 E(0) — E(og) =4
bsb _9bab_3bsb 3b1b1|0) bsbyb 3b1/0)
2 2 2 2 2 2

Fig. 7. The first few RSOS configurational paths in the parafermidfic vacuum sector)g @ V3 of

the 3-state Potts model with energy given by (4.3). The energy of the vacuum path (top-left corner)
00=1{1,2,3,4,3,2,1,2,3,4,3,2, 1} has been subtracted. We used the usual association rule (4.1) and ordered
the b operators as they are obtained from the paths. The canonical order can be obtained by the anticommutation
rules.

We call such a monomial ahysicalmonomial. Among other constraints, the path
restrictions imply

b,jb,j,]_/zb,j,l .- ~b_j_(L_2)/2 = {unphysica}l (4.13)

so that such combinations, which go beyond the height$;06nd do not correspond to
allowed paths, should never enter in the expressions of physical quantities and must be
projected out.

Note that the product of two physical monomials need not be a physical monomial. As
an example, consider the two physical monomials and assoclatpdths

b,%b—Zb—lb,% ~{1,2,3,4,3,2,1,2,1},
bi%b_% ~{1,2,1,2,3,2,3,2,1}.
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2
2% b 7b_110 b_gb_3l0
2¢°> b 9b 1]0) b_7b_3|0)
2 2 2
445 b b 1]0) b gb 3|0) b 7b 50) b sb_ob_1b 1]0)
2 2 2 2 2 2 2 2
49" b_13b_1]0) b_1ub 30 b_gb_s5|0) b_7b_sb_1b_10)
2 2 2 2 2 2 2 2
7q8 b_gb_l\O) b_E,b_§|0) b_Llh_§|0) b_gbiz\O)
2 2 2 2 2 2 2 2
b_7b_5b_3b_110) b_gb_2b_1b_110) b_7b_3b_1b_110)
2 2 2 2 2 2 2 2
8q9
12410

Fig. 8. Generic Virasoro modulgy of orthonormal fermlonlc states in the=0 vacuum sector. The Virasoro
character isco(q) = [125(1— ¢t =1+ ¢% +¢3 +2¢% + 245 + 49% + 497 + 748 + 84° + 12410 +

The first few states, such aB, 3b 1\0 [L 210), b_ 5b 1\0) 1 L 3|0), are easily related to

Virasoro states. For finitg, unphysmal (null) vectors appear For example for the Ising modeB, 4),
b sb_ob_1b 1|0), b_7b_2b_1b 1|0), b 9b_o2b_1b 1|0), b_7b_3b_1b 1|0) are null vectors. For
- - 2 2 —2 -2 -2 -2

M(4, 5), the first null vector enters at level 12.

We see that the product does not correspond tongath

(b_sb_ob_1b_1)(b_1b_3)=b_7b_sb_2b_3b_1b_1. (4.14)
2 2 2 2 2 2 2 2
4.2. Physical fermionic states, finite Virasoro modules and projectors

The identification (4.12) between physical fermionic monomials and paths can be used
to define physical fermionic states

|o):b¥%-~-b$%b¥%b$%|h), Jp>o>j3> j2> j1>0. (4.15)

In the alternative view of infinite paths, the paths associated with these states must agree
with the primary states) for all j > N for some finiteN. Normalizing the primary states
sothat(h|h) =1, itis easy to verify that the states (4.15) are orthonormal using the fermion
algebra. Some physical fermionic states\di4, 5) and the 3-state Potts model are shown

in Figs. 6-9. A consequence of our definition of the primary giateés that it is annihilated

by certain modes

bjlh)y=0, if {o,}; isacorner
2

b_jlh)=0, if {on}; is astraightline (4.16)
2
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1 10

4®> b_zb_110)
2 ~2
q® b_sb_110)
2 72
2¢* b_7b_1]0) b_sb_3|0)
2 2 2
¢®> b_7b 310
7 ~2
24% b_7b_5/0) b_sb_ob_1b_110)
2 2 2 2
qg" b_7b_sb_1b 1]0)
z p
248 b 7b sb_3b 110) b _7b_3b_1b 1]0)
2 2 2 2 2 2
q® b_zb_gb_3b_1|0)
2 2
q'® b _7b_3b_3b_3|0)
2 2
Fig. 9. Finite Virasoro modulé/(()s) of fermionic states in the vacuum= 0 sector ofM(4,5). For N = 8

just 13 states survive after settidg = O for |j| > 4. The finitized character iﬁ{si(q) =1+ q2 + q3 +
Zq4+q5+246+q7+2£18+q9+q10.

We identify the linear span of physical fermionic states with the Virasoro modul&he
set of states (4.15) thus forms a fermionic basijsfor V,,. The Hilbert space of physical
states decomposes into a direct sum of modules

H = @ Vi (4.17)
h

with fermionic basisB = |, B;. Again this space is graded according to the level

Vi =@VM, E:I;E—E(oh)zE(a)—E(ah). (4.18)
A generic Virasoro module of fermionic states in the= 0 vacuum sector is shown in
Fig. 8.

On the lattice, théinitizedphysical Hilbert space is
HY =P, (4.19)

h

where thefinite Virasoro moduleV,ﬁN) is the linear span of physical fermion states
associated withV-step paths in thér, s) sector. The number of independent physical
fermion states forming the baa@m of V;IN) is thus equal to the number of paths from
heights to heightr in N steps so that

dimy" = BV = [A"] (4.20)

r,s’

where A is the adjacency matrix ofi;. The finite Virasoro modulé)és) of theh =0
vacuum sector afM (4, 5) is shown in Fig. 6.
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The projectors onto the physical statesHnand ), are given by complete sums over
the fermionic basis of states

P=)Y lodol. Pi= Y lo)ol. (4.21)
lo)eB lo)eBy
Consequently a physical operatron H is determined by its matrix elements between
physical states
¢=PeP= Y  (olplo’)|o)(dl. (4.22)
lo),lo")eB

The elementary projectors are easily written in terms of fermions. For example, iifs 1,

0
10)(0] = jl:[l(l —~ bo_%bz) eF,
[o,0]
|h) (| =(b’i%b’?{)(b’ilbﬁ)n(l—b’i%b’%) cF. (4.23)
j=3

It follows that the operatop can be written entirely in terms of fermions once the matrix
elements are known relative to a given fermionic basis. The algebra of physical observables
is thus the subalgebra of the fermionic algerabtained by projection

A=PFP. (4.24)

Since the structure of this algebra is complicated, however, it is often easier to work in the
larger unphysical fermion algebga and then project.

4.3. Hamiltonian and characters

The Hamiltonian of the fermionic system associated with the unitary minimal models
in the (r, s) sector is

o .
Lo:Ph<ZJ§b_%b% —E(ah)—}—h)??h, (4.25)
j=1

whereP, is the projector onto physical states. We assert that each physical fermion state
(4.15) is an eigenstate of the Hamiltonian (4.25) with eigenenergy given precisely by (3.2).
Indeed, using the fermionic algebra we find

Lolo)=Lob_jyb_j,--+b_jlh)y=(E(c) — E(on) +h)b_jb j---b_jlh),
2 2 2 2 2
(4.26)
where
N

1 , ik
E(0)=§jz_:le(Uj1,Uj,0j+1)=kz_:1§. (4.27)
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The Virasoro character which is the generating function for the spectrum of the Virasoro
module is now

xn(q) = q~/?*Try, g*o. (4.28)

The finitized characters, given by the finitizatibgn: Ofor|j| > N, are

X}EN) (q) = q—c/24Trv,(,N> gto. (4.29)

These are the generating functions for the spectra of the finite Virasoro modules.

5. Algorithm for building matrix representations

In this section we present a general algorithm for building, level by level, matrix
representations of the Virasoro generators and primary fields based on paths [16,21,22].
These concrete matrix representations will be useful in further developing a lattice
approach to studying CFT. We will work in a distinguished orthonormal basis which we
call the L1-basis. The algorithm itself relates the vectors of thebasis to the basis of
Virasoro states (2.14). Applying the algorithm for generaso yields general expressions
for the null vectors, level by level, for arbitrary minimal moddlg(p’, p). Alternatively,
these could be obtained level-by-level from the null vectors of the Gram matrix for Virasoro
states.

We first present our general algorithm for the Virasoro generators ik {Hgasis. In
the subsequent subsection, we implement this algorithm for ganegrthez = 0 vacuum
sector pointing out its salient features and discuss the relation betwekp-tasis and the
basis of Virasoro states. We illustrate our algorithms for the tricritical Ising in Section 6. In
each case the algorithm can be efficiently implemented using Mathematica [23].

5.1. Matrix algorithms for Virasoro generators iy -basis

Because states belonging to different Virasoro modules are orthogonal, the matrices
representing the Virasoro generatéfscan be obtained separately within each module

L,=prLh (5.1)
h

Usually we work within a fixed module and suppress the indexto obtain matrix
representations of Vir, we will také_, = L,{. For unitary theoried.,, will be real so

that L_, = L,f = L,I whereas for nonunitary theorids, will be complex withL_, =
LI+ L!. Suppose we can find a diagonal matkix and matriced.; = LT, L=L",
satisfying

[L1, Lol =L, [Lo, Lol =2L>,
[L1,L_1]1=2Lg, [Lp,L_11=3Ly, (Lo, L_2]=4Lo+c/2 (5.2)
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Then we can extend this to a matrix representation of the full Virasoro algebra by
recursively defining

1
L,=L", = — (L1, La], 023 (5.3)

Note that, if the generatois, satisfy the Virasoro algebra, then the generators
L=v"L,u, Uvl=u"?! (5.4)

also satisfy the Virasoro algebra whete= @ U" is orthogonal and preserves the
sectors (5.1). This corresponds to the freedom of an orthogonal change of basis. To
specify a unique matrix representation of the Virasoro algebra one must first specify a
distinguishedcanonicalbasis. The generatois_, act naturally on the basis (2.14) of
Virasoro states. In particular, the grading of these states imposes a block structure on the
matrix representatives of the Virasoro generators

—l’l,E’

L, = @Lh L", ot Vie— Vietn. (5.5)
¢
The orthogonal matrix (5.4) must respect this grading so that
o
v'=Epuy. (5.6)
=0

Within V, ¢, the Virasoro states (2.14) with= Z{Zl n; are degenerate. However, they
are not orthogonal and typically they contain null vectors, so a basis of Virasoro states
(2.14) is not a good basis to choose in seeking matrix representations of the Virasoro
generators. One possibility, is to use the Gram—Schmidt process to orthonormalize the
Virasoro states with the null vectors removed. A better alternative, at least for unitary
minimal models, is to use the basis of fermion states. Since the fermion basis is a complete
orthonormal basis of physical states we do not have to worry about removing null vectors.
To obtain matrix representations of the Virasoro generators, we therefore start working in
a fixed orthonormal basis of states.

With such a choice of basis, the structure of the matrices: Lfl andLy = sz is

dy d1 do» --- di_1 dy

do 0 % O

dq 0 %

do 0

t £ 00 0 00O ’
0« 0 0 00O

de—1 00 0 00O
000 x 000

(5.7)
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do d1 do --- dpa de

do 0 0 %

d1 0O O

do 0

Ly=": ;

* x x *x x 0 0

do_2 * % *x x * *x 0
* ok x k% ok %

(5.8)

whered; = a’,ﬁ‘ =dimV) ¢ as in (2.16)x denotes nonzero off-diagonal blocks, the nonzero
£-blocks in positior? are of sizesl,—1 x dy andd,_» x d, respectively and

o
xn(@) =g~ P> " dig". (5.9)

£=0
We allow for arbitrary entries in each nonzero block, substitute into the basic Virasoro
commutators (5.2) and proceed to solve the equations level-by-level. At a given level,
we find that the equations are underdetermined and only involve dot products between
rows in the¢-blocks. This freedom corresponds to an allowed change of orthogonal basis
implemented by the orthogonal matr(lj{’ and is removed by demanding that the entries
above the leading diagonal vanish in ttag_1 + dy—2) x d; matrix B, formed by placing
the ¢ block of L, above the¢-block of L. In this basis, we find that the entries below
the leading diagonal of thé-block of L1 automatically vanish. There remains a residual
freedom associated with the choice of sign of each of the basis elements. We remove
this by further demanding that the first nonzero entry at the top of each columBa of
is positive. If this is pure imaginary, as can occur in nonunitary cases, we demand that
the imaginary part of this nonzero entry 8§ is positive. This algorithm thus fixes a
distinguishectanonicalbasis which we call thé.1-basisbecause of the diagonal form of
the blocks ofL;. The L1-basis should be viewed as the fermionic basis of paths rotated
by the orthogonal transformatidnh. Notice that only the level degeneracies, which can be
read off from the Virasoro character, and the orthonormality of the starting basis is essential
in this algorithm—the precise description of the starting basis is unimportant.

5.2. Generic minimal Virasoro matrices aiid basis

Let us consider the minimal modelst (p’, p) with p = L + 1 large. It is then natural
to consider fermionic paths ofi,, and to treat the central chargas a parameter. We will
see that this case is generic in the sense that specific minimal models can be obtained by
specializinge.

In the vacuunh = 0 sector the generic Virasoro character is

o) = LA a)
1_[:?;1(1 —q")
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=q (149" + %+ 29" +24° + 44° + 497 + 79° + 8°
+1241%+ 0(q™)) (5.10)
with degeneracies
{d}=1{1,0,1,1,2,2,4,4,7,8,12,.. }. (5.11)

Treatingc as a parameter, and applying our algorithm, we build the following representa-
tion of the Virasoro generators in ttig -basis:

Lo = Diagonal0, 2, 3,4,4,5,5,6,6,6,6,7,7,7,7,8,8,8,8,8,8,8,...), (5.12)
0 .
2 ..
J10 0 .
32 o0
.. .0 22 . )
L= o . 2J7 0 00
oL . 0 3/2 00

32 0 2J7 0 0 O
=(0)®(2)® (V10 0)@(0 2ﬁ>@<0 &/éoo)
2J10 0 0 0
0 30 0 0
®l o0 o 232 o0
0 0 0 2/3
3/6 0 0 0 00
0 211 o 0 00O
°l o o v 0 000
0 0 0 V26 0 0 O
J70 0 0 0O 00O
0 215 0 0O 00O0O
0 0 42 0 0 0 0 O
®| O 0 0 V42 0 0 0 O|le---, (5.13)
0 0 0 0 4000
0 0 0 0 0400
0 0 0 0O 0 0 4
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2 1 /5 22 1 29
87 §\/z(c+?) §\/2(C+ﬁ>) 0
“1 o ) 4 [5F [ D ®
VBY e+ 2(c+%)
5 1 22 1 29
9 14 %\/C + 5 ﬁ\/C + 70 0
® 0 13 8 |AE (=)D
V15 V30V c+2 (c+%)
5 7 22 14 29 5 11
5\[3 \/%(CJF?) \/@(CJF %) 0 1a3(c + 108)
0 14/ g [3HB) 5 [P 10 [e+F
& 55 130(c+%3) 13(c+%3)  3v/1001\ c+ 15
B 82 | 11(c+3))
0 0 3\/; 0 3\ 455+ L)
0 0 0 & 0
0 0
1 [13(105Q:24+3305%—251) 0
3 lOﬂch%Ols)
1 13(c+ %2)(105Q2+3305_251) 0 D---.
30 2+ %—g)(c-ﬁ- 11T15)
36 \/ [ T ST \/ 21(c+ ) (c+ D)+ 3)
13(

c+29)(1050:2+3305—251) (1050243305 —251)

3% c+%2
% e+ 2 .
8/ 1./3(c+2) 3/2c+ ) 0
= 22 1 68
Lo={ , 0 ) a |y A
V5 c+25 2(<r+7))

(5.14)

We find that these matrices are generic in the sense that they can be reduced to produce
the correct matrices for any special minimal value oflore explicitly, if we specialize:
to an allowed central charge for a minimal theory, say 1/2, then starting on the left we
seek the first zero column éf,; (excluding the first and third columns which are identically
zero for all¢). Forc = 1/2 this occurs in column 11 corresponding to the known single
null (unphysical) vector at level 6. We then remove the rows and columig,aof; and
L, corresponding to this position and repeat the processc Eofl/2, we find the next
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Fig. 10.L1-basis of orthonormal states for the generic Virasoro motfglie terms of Virasoro states. The central
chargec is treated as a parameter. Unphysical (null) states appeas get to the value of the central charge of

a minimal model. For the Ising model with= 1/2 an unphysical state appears at le¢et 6. The apparent
singularity of the state is an artifact of the normalization. Actually, the numerator is a null state. Further null
states appear for the nonunitary cases with—22/5 andc = —68/7 corresponding to\ (2, 5) and M (2, 7).

zero column ofL, at the original position 15, corresponding to the single null vector at
level 7, so we remove this row and column. At the next stage we remove rows and columns
at the original positions 19 and 22, corresponding to the two null vectors at level 8, and
so on. This process exactly produces the Virasoro generators of the critical Ising model
M (3, 4) as given in Section 4 of [11]. The same process works for the Yang-Lee theory
with ¢ = —22/5 as given in Section 7 of [11] and other special values obrresponding

to minimal models. Indeed, the matrbe exhibits a remarkable structure of factors of the
form /¢ —c, , wherec, , is the central charge of the minimal modei(p’, p).

The elements of th& 1-basis can be obtained in terms of the Virasoro states from the
generic minimal Virasoro matrices_, = L, n = 1, 2 by considering the action of these
matrices on the fundamental basis formed by the column veetets{s; ;};—12,... We
identify e1 with the vacuumj0). Using the action of the Virasoro algebra on the states, the
next states are identified as

c 2
L_zelzL_2|0)=\/;ez = ezz\/gL_2|O), (5.15)

2 1
Llezz\/gL3|0):263 = 632EL73|0). (5.16)

This procedure continues for higher levels leading to the expressions in Fig. 10. These
expressions hold for both unitary and nonunitary models. The orthonormality dfjthe
basis is guaranteed by the orthonormality of the fundamental basis

5.3. Matrix algorithm for fields

An algorithm can similarly be applied level-by-level to obtain matrix representations
of the primary fieldsgp® (z). Unlike the generators.,,, a chiral primary fieldp™ (z)
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intertwines between different Virasoro modules, its action being dictated by the fusion
rules

o) x phi) = Z/\/ijk¢(hk)- (5.17)
k

If the fusion coefficient is/\/ij" # 0 then the corresponding restriction of the figidt?),
called chiral vertex operator (CVO), is nonzero

h;
¢<hk h')(z): Vi, = Vi (5.18)
S

The CVOs admit the Laurent expansion

h _ hohih ( h ) —k 519
¢<h2,h1>(1)_z Ztﬁ o Iy k+h1—h2Z (5.19)

with the operator modes

h d h
& ( ) _ y§ L k-t ( )(z)zhﬁhhz, kel (5.20)
h2,h1 ) kiny—n, 2ri ho, h1

In the vector spac®y,, @ Vi, we consider the action of the two CVOs

h
¢(h2 hl)@: Viw = Vi, (5.21)

h
6 (g, ) Via = Vi 522

The Virasoro generators and fields have the following block structure when acting on
Vi, @ Vi,

h

k 0
L, = (Lnl 0 ) ’ ¢(h)(z) _ ( ( . ¢ <h1,h2> (Z)) - (5.23)

h
0 Ly & hz’hl) (2) 0

The representations of the two CVOs can be worked out separately because they do not
mix under the commutation relation due to the block structure of the genefato8o we
consider(hzhhl) (z) and expand the field in modes

) . 0 ) 0 0 5.24
(@)= <¢ <h2flh1) @) 0) ’ £ <¢ (hzljhl)k+h1—h2 O> -
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Working in theL1-basis forV,, andV,,, the block structure of the moc{gzlfhl)hl_h2 is

aodd
> % 0 o
421 0 % O
21 0 0 «

¢< h ) = * %k k% ’
h2, 11/ g, % ok ok k
d,?z * % ok ok
% % ko ok
% % ko ok
% % ko ok
(5.25)
where
o0
(@) =q =My " dtgt, 4t >0,
(=0
o0
Xno(q) = q /242N a2 gt 4z >0, (5.26)
(=0
The primary fields satisfy
Smd™ @) =[Lm. 0" (2)] = z"’“%ﬁ” @)+ h(m + 12" ¢ (2) (5.27)

and consequently the modes satisfy

h h
Ly, =(-m(1l—h)—(k+h1—h .
[ ¢<h2, hl)kmhj [-m@—h)— (k+h1 2)]¢(h2, h1>m+k+h1h2

(5.28)

Given the modebg, we use this to generate the remaining modes by the action of the
known matrix representation @f,

1
T nth=1D4ha—hy
With the higher modes defined in this way, we solve the linear equations

(L, ®ol, n#0. (5.29)

Dy

[L1, @1]l=(h — 24 h2 — h1) P2, [L1, @_1]= (h+ h2 — h1)Po,
(Lo, ®_1]= (2h — 1+ hy — h1)®1 (5.30)



436 G. Feverati, P.A. Pearce / Nuclear Physics B 663 [FS] (2003) 409-442

level-by-level for the entries obg. We find that these three equations are consistent and
sufficient to determine all the entries of the modes so that no higher level equations are
required.

6. Tricritical 1sing model

In this section we give some examples of building matrix representations of the Virasoro
algebra and fields for the tricritical Ising model. Further examples for the Ising, tricritical
Ising, 3-state Potts and Yang-Lee theories are given on the archives [11].

6.1. Tricritical Ising model:Vg

Thegq series for the Virasoro character in the- 0 sector is
0@ =1+6%+¢°+ 24"+ 20° +49° + 497 + 79° +8¢° + 1240 + 149 ™
+ 2092+ O(¢™3). (6.1)

The first discrepancy with the generdg, case is at level 12. We compute the matrices in
the L1 basis, truncating the energy such that terms correspondiptf tare dropped. We
thus build the following 30« 30 matrices:

Lo =Diagonal0, 2, 3,4,4,5,5,6,6,6,6,7,7,7,7,8,8,8,8,8,8,89,9,9,9,9,9,
9? 9’ .. ')’ (6-2)

L=
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(6.3)

Toocoooo®
[cNoNoNeNeNeR ]
eNoNoNolel No)
OCoocoovYoo

N
OCoolxooo
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o wuiv
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NG N
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ow
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7 119 2 1 /65
11\/% V3o 7 0 2y 231 0 0
15 4 27 /3 5 /255 1
0 5\/% Vel H/4 B/ m/ % 0 57708

%
®
3 41 /66 1 02221 —7 17
0 0 18/97 O 13V3 52y 5 0 2\ 195
3 13 /1443 6
0 0 o 19/ 0 8l /7% B/143 o/
... (6.4)

We thus obtain the energy—momentum tensor of the tricritical Ising model as shown in
Fig. 11. As a further example of our algorithms, we also exhibit the primary@%ﬂo) (2)
in the L1 basis in Fig. 12.

7. Discussion

In this paper we have considered the minimal CFTs from a lattice approach. In
particular, we have exhibited a bijection between the one-dimensional configuration paths
and the eigenstates of the critichl RSOS double row transfer matrices. Our presentation
here of the classification of these eigenstates and the details of the energy-preserving
bijection however is incomplete. The task of extending this to(alt) sectors of the
unitary minimal modelsM(L, L + 1) will be completed elsewhere [20]. We also hope
to discuss the modifications required to treat the nonunitary models in future work.

In terms of conformal field theory we have taken steps towards the fermionization of
the s£(2) minimal and parafermion conformal field theories by associating orthonormal
fermionic states with the paths of the underlying lattice models. In this way we are able to
build the Hilbert space of physical states of these models on the cylinder in terms of lattice
RSOS paths labeling the eigenstates of double-row transfer matrices. The fermionic states
have the advantage over Virasoro states in that they are automatically orthonormal.

The results of this paper extend [20] to periodic and other conformal boundary
conditions. In the case of periodic boundaries, there are two copies of the Virasoro algebra
and the states are labeled by two RSOS paths. In the plane of the complex spectral
parametet, these come from the distinct patterns of zeros in the upper and lower half-
planes corresponding respectively to the left- and right-chiral halves. Our analysis will thus
put the finitized toroidal partition functions postulated by Melzer [9] on a firm footing.

In this paper we also have presented a general level-by-level algorithm to build matrix
representations of the Virasoro algebra and fields for#i2) minimal and parafermion
models. We expect this algorithm to work generally for rational CFTs.

Although our algorithm appears to be consistent level-by-level, our results are far from
complete. We have no proof that the infinite matrices actually give a representation of
the Virasoro algebra. Although it is probably not difficult to establish the convergence
of our truncated matrices to ordgf, it would be highly desirable to have closed form
expressions for the infinite matrices. Likewise, it is highly desirable to obtain explicit
expressions for the Virasoro generators in terms of the fermion operators. In treating
the fields we have for simplicity worked with one chiral half of the bulk fields. It is
possible [20] to extend this to a full treatment of the bulk fields for the periodic system
but it would also be nice to give a proper treatment of the boundary fields on the cylinder.
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Fig. 11. Energy—momentum tensor (in the basis) of the tricritical Ising model in the vacuum= 0 sector. Notice that the squares of the coefficients in the first column
give the expansion afl — )~ in agreement with the two-point function.
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Fig. 12. Primary fleldb(3/5 0) (z) (in the L4 basis) of the tricritical Ising model. The squares of the first column
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entries agree witlil — 1) ~%/5. (See next page.)
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Fig. 12. (Continued).
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Lastly, in the case of the tricritical Ising and 3-state Potts models, there are extended chiral
algebras, namely, the superconformal algebra Wadalgebra. It would be nice to work

out, at least level-by-level, the matrix representatives of the generators of these higher
symmetry algebras.
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